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This manual consists of the film script, interspersed with para-
graphs supplying additional information about' the problems discussed
in the film and mentioning some additional problems. There is a list
of references at the end.

Wha;t -lA the: ni.c.e1>.tway 06 plac-tng N poin.t.6 0 n a c..Ur.c..e.e? I n..tu,.Lt.[ve.ly,
it -lA to plac.e .them a;t .the ve.f1-t.tc.e1>on an iMCJU.bed lLegtWvt. polygon. But
-lA .the.ILe .6Ome plLewe, qu~ve .6e.Me in which .th-iA -lA th« bC6.t a.Ma.nge-
ment? Ye1>, .the.ILe Me .6eve.ILa.l.

FOILexa.mp.te, .the Mea 06 a lLegu.tM iMCJU.bed N-gon -lA glLea;te.IL.than
.tha;t a 6 MY othen. iM cJL.i..bedN-gon. Thu» 601Lany N glLea;teIL :thM 2, :the
uni.que way 06 maJUm..i.zing :the Mea -lA .to plac.e the. poin.t.6 a;t :the ve.f1-t.tc.e1>
06 a lLegU.e.M iMCJU.bed N-gon. Now, lLa..the.ILthan maJUm..i.zing :the Me.a, we
might lLequilLe :the poin.t.6 .to be fupe.lL.6ed a6 much a6 pOMib.te. The .6maUe1>.t
fu.tMc.e de..te.lLmined by the: poiYLto .6hou.td ,b e a6 lMg e a6 pOMib.te. In
othe»: »onds , we wa.n.t t» maJUm..i.zethe. minimum fu.ta.nc.e be..tween poin.t.6 06

.the .6d. No.te:tha;t it .6Unn-<-c.e1>to c.oMideIL :the fu.tanc.C6 be.tween adjac.ent
poin.t.6 on the. c..Ur.c..e.e. HeILe again, sne. lLegu.tM N-gon plLovide1> .the uni.que
.6O.e.u.:tion. Tha;t -lA, .the uni.que way 06 maJUm..i.ung tne. minimum fu.tanc.e Ls
.to plac.e. :the poin.t.6 a;t the: ve.lLtiC.C6 06 an iMCJU.bed lLegu.tM N-gon. The
1Le1>u.t;t-lA .the. .6a.me.a6 when we wante.d .to maw..{.ze .the. Me.a.

The. 1Le1>u.e..t.6jw.,.t sxaxed Me no.t ha/u: .to plLOve..(1) But wha;t happeM
when the. poin.t.6 Me' on a .6pheILe? How .6hou.td :they be a.Ma.nged t» maJUm,lze
:the vo.tume OIL zhe. minimum fu.tMc.e? The1>e plLob.te.m.6Me uMo.tved OIL, at: be1>.t,
onLy pa.!!..t.{.a.ily .6O.tved. . I Iin 9o)..ng .to fu c.w.,.6:them a..tong wi:th .60me o:thelL
geome..tJUc. plLOb.te.m.6:tha;t Me. uMolve.d cd: tn« time on n.il.riU.ng in 1969.

PeILhap.6 :they will e.ve.n.tuaUy be .6O.tved by :the fuc.oVeILY On new ge.ome..tJUc.
MgUILe1>OIL c.onn-<-gu.Jta..t.[on.6--.tha;tis, by .6hape1>On the 6u.:tUILe..

(l)There are many published proofs of the fact that, for a given
N and a given circle, only the regular N-gonsare of maximum' area among
those inscribed in the circle. See,for example, Fejes T6th(1953).
Obviously the regular arrangement of N points on the circle is the only
one maximizing the minimum distance between the points.



/ a..t'.6 .e.ook 6-i.Mt at: the vofume pJtob.e.em. We waryt to pLac.e N po-i..n..t.6on
!p/lMe .60 M to ma:>Umi.zethe vo.e.wne on .the po.e.yhedJton w-i...thshose: N veJt-

rl'6. (2) ThM c.oJtJtel>poVlCioto th« pJtob.e.em 60Jt Mea -i..n.two ckmeVl.6-i..oVl.6.
11'/1 N -i..6 4 .the aVl.6WelL-i...oM expec..ted. A Jtegu£.aIL te.tJtahedJton max-i..m-i..Zel>
n' \l1J.e.ume. Rec.all thas; .the voLume 06 a te.tJtahedJton -i..6 1/3 hA, wheJte A

III e alLea 06 0ne 06 th». VUangu..taIL 6ac.el> and h -i...o the d-i..6tanc.e 6Jtom th«
" /1(' 06 .tha.t nac.e to .the 60u.Jt.th veJt.tex. When.the veJt.t-i..c.el> .i'.-i..eon a

'/I('M, .the bas e p.e.ane'.o -i..nteM ec..t-i..on w.Lth the .0 pheJte -i..6 a c.-i..Jtc..te .thJtoug h
'II'~ 06 .the veJttic.el>. I6.the bMe .tJt-i..angLe -i..6 not eqma.teJta.i'., Jtep.e.aung

flU an eqma.teJta.i'. vuang.e.e will -i..nc.JteM e the alLea 06 that 6ac.e and henc.e
I' volume 06 the te.tJtahedJton. App.e.y-i..ngthM Mgwnent to eacn 06 the
1(/1 6ac.e.o On an -i..n.oc.Jt-i..bedte.tJtahedJton, we .oee thiu: the -i..Vl.6c.Jt-i..bedte.tJta-
"'1(( on max-i..mwnvo.e.ume have ill 06 the-i..Jt 6ac.el> eqwa.teJta.i'. and henc.e
(I ))Jtewe.!'.y the Jtegu..tM one.o.

(2)Upon examining his understanding of the phrase, "polyhedron
with those N vertices", the reader may find it to be based more on
intuition than on mathemat3cs. Since the film's problems are all
set in Euclidean 3-space E , they can be understood fairly well on
an intuitive basis. However, we want also to discuss the higher-
dimensional analogues of some of the problems and for those, surely,
sOme precise definitions are required.

A subset C of Euclidean d-space Ed is said to be convex provided
that it contains all line segments whose endpoints are in the set;
that is, AX + (l-A)y £C whenever x£C, y£C, and O~A~l. Intuitively, a
convex set is one that has neither dents nor holes. SeveraL basic
notions concerning convex sets are 'relevant to the film's problems, and
they are discussed in this and subsequent footnotes. See Klee (197lb)
for a short general survey of convexity theory, including references
to the standard texts on various aspects of the subject.

It is plain that the intersection of any family of convex sets is
itself convex. Hence we may intersect all convex sets containing a
given set X to form the smallest convex set containing X; it is called
the convex hull of X. It is known that the convex hull of X is the
set of all points expressible in the form Alxl + '" + AkX where k is
a positive integer s , the Aj's are nonnegative reaL numbers ~ose sum is
1, and the Xj'S are points of X. And by a theorem of Caratheodory(1907)
(see also Danzer, Criinbaurn and Klee(1963)) , we may set k = d + 1
when x £:Ed. Thus, for example, if X is a subset of F3 not contained
in any plane, the convex hull of X is the 'union of all tetrahedra whose
vertices belong to X.

As the term is used here, a polyhedron is a 3-dimensional subset
of E3 which is the convex hull of a finite set of points; equivalently,
it is a convex solid whose boundary is formed by a finite number of

convex polygons. The problem of placing N points on a sph
"maximize the 'volume of the polyhedron with those N vertic
that the voiume of the convex hull of the set X formed by th
should be as large as possible.

"
o to
(1(11111'"

N jlolill

The vofume -i...omaum-i..zed when N -i...o 6 by p.e.aung the; po-i..n..t.6a..t ;(;h

veJttic.el> 06 a Jtegu£.aIL cctanedno«, and when N -i..6 12 a.t the veJttic.e.o 06 a.
Jtegu.taJt Leosahednon, (3) Tha.t m-i..gh.tbe expec..ted, by analogy w-i...th.the
Jtegu..tM-i...ty 06 .the .6ofuUon on .the UJtc..te. HoweveJt,.the ana.i'.ogy -i..6 m-i..6-

Leackng when N -i..6 8, oOlt the -i..Vl.6c.Jt-i..bedc.u.be do~.,6 not g-i..ve tne. max-i..mwn
vo.e.wne -i..nthM c.Me. When.the .6phelLe -i...o 06 nadiu» s, .the c.ube'.6 vofume J.A
about 1 .5Jt3 wWe tha.t 06 a doub.e.e pyJtam-i..dbMed on a Jtegu..ta!Lhexagon -i..6

about 1. 7ic.3; but tha.t -i..6n 't .themaxhnwn U.thelL. HelLe -i..6 the be.ot aJtJtangeme.I'I;(
06 ugh.t po-i..n..t.6,wh-i..c.hy-i..e.!'.d.oa vo.e.wne 06 about 1. 8Jt3. It wa.o d-i..6c.ovelLed

-i..n the 1960'.0 when -<..:t WM appMJUma.ted by a gJtadua.te .otudent w-i...ththe aJ.d
06 a c.omputeJt and .e.ateJt pMved by .two cthe): gJtadu.a.te .6.tuden..t.6 to be op:t-i..mum.(4)
". -- -. - .

The c.omp.i'.-i..c.a.tednatMe 06 the exac..t expJtel>.6-i..on60Jt the vo.e.wne h-i..n.t.oat ;(;h
c.omp.e.ewy 06 the PJt00n. HeJte'.6 a mode.!'. On the c.on6-i..gMa.U.on, mounted .60
tha.t you can .oee -<..:t c.an be -i..Vl.6c.Jt-i..bed-i..na sphen«, p.e.aJ.n.i'.y-i...t'.6 6M 6Jtom
bung Jtegu..ta!L--nOlt ex amp.e.e, -<..:t.oedge.o Me 06 .thJtee ck6neJtent .e.enp.th.o.

(3)See Fejes T6th(1953,1965) for proofs of these statements.

(4)This optimum arrangement of eight points was approximated by
Grace (1963) with the aid of a computer search which identified it
as providing a local maximum for the volume of the convex hull of
eight points on the unit sphere of E3• Berman and Hanes (1970) des-
cribed the arrangement precisely and proved that it provides, up to
rotation, the unique global maximum for the volume.

TheJte Me JteMonab.e.e c.onjec..tu.Jtel> nOJtMme O.tJleJt va.tu.el> 06 N. HelLe

-i..6 the: c.onjec..tu.Jted op:t-i..mwn60Jt n-i..ne veJr;t.i.c.el>, obta-i..ned by adckng a pyJta-
m-i..da.i'.c.ap oveJt each 06 the .oquMe"6ac.el> 06 a vuangu£.aIL pwm. The vOfume

pMbLem hM ac..tuilly b.een .6o.e.ved 60lt all N<9 and 60Jt N " 12., You m-i..gh.t.tJty
to 6-i..ndthe known bes« c.on6-i..gMa.U.OVl.660Jt 5, 6, and 7 po-i..n..t.6you.Jt6e.!'.6, -i..n
OAdelL to get a 6ee.i'.-i..ng60Jt the pJtOb.e.em.(5) (6) (7) (8) '/1 It:(a.·t~t

_ e" 2./L ~1~)-4fj e;1T--ta.tI(-
,-"-,, N.t '''''''' ktAU""."'- '''l'''''' ,,, C>/ "-- b I -.J a.< -It/ r:

il' 1.%1. SOt>78 - 13
Val. "" 2.0¥375o lib (2.0t37SII1?)'~l'!!et'tJ ~n ,r.-:;-;;t. '111 ta: Vol ,z.o~lI'.,..r>'4'L~11+~f1 3' __ J/ j,.·vl-Jft h=I/j..f'fjl3 _l.C!.!!1

. D .r.u...GI,,,,,~_ :;- w. .1 . U 177,-;;'il ~ l-ton1
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(5)A famous theorem of Euler(1752) (see also Grunbaum(1967)) asserts
that if a polyhedron P has v vertices, e edges, and f faces, then
v - e + f = 2. If-P is of maximum volume among all polyhedra formed
as the c9nvez hull of a given number v of points (Pts vertices) on the
uni t sphere of E3, then all of p's faces are triangles' (Fe'jes 'Teth -
(1953)), whence it follows easily that 3f = 2e and hence 2e = 6v - 12.
Defining the valence of a vertex as the number of edges incident to it,
let vn denote the number of n-valent vertices of P. Then the average
valence of p's v vertices is l:nvn 2e 12

--=-=6--v v v
Call the polyhedron P medial provided t.hat;all of its faces are trian-
gles and the valence of each of its vertices differs by less than 1
from the average 6 - l2/v. The following conjecture, dual in a sense
to one of Goldberg(1935) (see(7) below), was formulated by Grace(1963)
and used also by Berman and Hanes(1970): If P is ~ polyhedron whose
v vertices lie .£!!.the unit sphere and whose volume is ~ maximum
subject !£. this condition, then P' is medial if ~ medial polyhedron
exists for the v in question. For vS8 the validity of this conjecture
follows~om-the work of Berman and Hanes(1970) , who state some addi-
tional unsolved problems concelning volumes of polyhedra.

(6)For points x = (Xl"" ,xd) and y = (Yl'" "Yd) of Ed, the inner
product <x,y> is given by <x,y> = xlYl +... + xdYd' The norm of a
point x is IIx II = <x,x>1/2 and the distance between two points x and
y is !Ix - y II. When x is not the origin 0, the set ~ = {YEEd:<x,y>
• I} is a hyperplane (a line when d = 2, an ordinary plane when d = 3,
.." a (d - I)-dimensional flat in the general case) orthogonal to the
ray from 0 through x. In particular, when x belongs to the unit
phere S = {s £Ed: IIs /I = I}, the hyperplane F-x is tangent to Sat x ,

For any point x of Ed, the polar {x }" is defined by
-{x}O = {y£Ed:<x,y> ~ I},

which for x i- 0 is a closed halfspace that contains the orig~n and is
bounded by the hyperplane Ex' The polar of any set X Ed is defined as
ho intersection of the polars of the members of X; that is,

XO = {y£Ed:<x,y> ~ 1 for all XEX},

The problem discussed above ---- of placing a given number N of
polnts on S so as to maximize the d-measure (area when d = 2, volume
when d • 3, etc.) of their convex hull ---- is closely related to the
problem of placing N points on S so as to minimize the d-measure of
thair polar. When d = 2, the latter asks for the convex polygons
IIIminimum area circumscribed about S and having N edges; the unique

IuUon is provfded by the regular N-gons (see, for example, Fejes
'1'6~h(l953)). When d = 3, it asks forth'e convex polyhedra of minimum
VIIII-'IDe!circumscribed about S and having ~ faces. This problem has
1IIIUI1ext ens tvely studied because of its connections with the isoper-
1lIllIlr'!e!'Toblom for polyhedra. See (7) beLow ,

!1(11d > 3, very little is known about either the maximum or the
lIiIII 111I11111prablom stated above, beyond the fact that the regular d-
11111'III"(d-t! lmonsional analogue of equilateral triangles and regular

1••t rulnulr u) Ja the largest simplex contained in a given sphere and
I IiII1I1IIt1111'.'Illmplox,con t af.nf.nga given sphere (Slepian(1969), Ali
(1'110». III Il(liar words the maximum and minimum problems have beEm
IIIVI'"\01111111N • d + J.
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(7)The 2-dimensional isoperimetric theorem asserts that, among
all plane convex bodies of given perimeter, the circular disks are
of maximum area. In fact, if L and A are respectively the perimeter
and the area of a 2-dimensional body, then L2/A ~ 4n, with equality
only for circular disks. For convex polygons with a given number N
of ver.tices or edges, the inequality is sharpened to L2/A ::4Ntan(n/N),
with equality only for regular N-gons '(see Fejes T6th(1953)). '

The 3-dimensional isoperimetric inequality is p,3/V2 .::36n, vhe re
A and V are respectively the surface area and the volume of a 3-
dimensional body; equality holds only for spherical balls. The
inequality can be sharpened in various ways for polyhedra. For
example, with Wn = ~ i it is known (Goldberg(1935) , Fejes T6th
(1953)) that 2

A3/V :: 54(f - 2)tanwf(4sin2wf - 1)
whenever A and V come from a polyhedron of f faces; equality holds only
for regular tetrahedra, cubes, and regular dodecahedra. Fejes T6th
(1953) gives other conjectured inequalities which have been proved
'only in special cases.

The "isoperimetric problem for pOlyhedra" asks for those poly-
hedra which, for a given surface area and given number k of faces,
are of maxfmum volume; equivalently, it asks for those which minimize
the quotient A3/V2-: But it is 'known that 'any such minimizing poly-
hedron is circumscribed about a sphere, and that A3/V2 = 27V for
any polyhedron circumscribed about the unit sphere S. Hence the
problem reduces to the one, mentioned above, of finding the polyhedra
of minimum volume which are circumscribed about S and have k faces •
The problem has been rigorously solved for k~6, perhaps for k=7, and
for k=12, but appears otherwise to be open though it has been studied
by distinguishe_d matJ::iematiciansSince, a 1782 paper of LhuUieJ;.
See Steinitz(1927,1928), Goldberg(1935), and Fejes Toth(1953,1965)
for references and a more detailed account.

Goldberg(19'35) called a polyhedron with f faces medial provided
that each of its vertices is 3-valent and the number of edges of
each face differs by less than 1 from the average 6 - l2/f. For any
polyhedron P having the origin in its interior, it is true that P is
inscribed in the unit sphere 5 if and only if the polar pO is cir-
cumscribed about 5, and that P is medial in Goldberg's sense if and
only if pOi~ )edial in the sense of Grace(1963) and Berman and Han
(1970) (see 5 above). Goldberg's conjecture Has that if P is a
polyhedron whose f faces are tangent to the unit sphere and whose
volume is a ~inimum subject to that condition, then P is medial (in
his sense) if a medial polyhedron exists for the f in question.

The following attractive conjecture seems to be consistent wiLh
the few known facts.* For each k > d and each set X £i. k poin ts .£!2 till
unit sphere 5 of Ed, the f:ollowing two statements are equivalent:
(a)there is ~ set £i. k points on 5 ~ ~ hull has greater
d-measure than that of X; (b)there is no ~ £i. k points.£!!.S ~
polar has smaller d-measure than that £i. X.

(8)The term polytope is used here to mean a set (in a finitn-
dimensional Euclidean space) which is the convex hull of a fini
sfi6:.,ffpoints; equivalently a polytope is a bounded_ set which l

ifJ~ ~ l~lS) -Hw.t -iMpolM.. oF& ~'/fkl-S f-~,.j~~ l1~~...t"/o&w..:-hrl-- ~ '(ff
~.&~.fa.ct.iJI, ~It! (~~ 10",,"-.) (1/',,/7')m&~fC'-J~ o~s,....JJ.ttr ~ (0\ vo(.. •.•• )
~ 1Ib"'1 q"",..-. ..:CM S &w.iil. (L)
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the intersection of a finite number of closed halfspaces. The
standard reference on polytopes is Grunbaum(1967). A polytope of
dimension d is called a d-polytope; thus 2-polytopes are convex poly-
gons and 3-polytopes are convex polyhedra. When P is a d-polytope in
Ed, a face of P is either, P itself or the intersection of P with a
hyperplane which misses the interior of P. Each face of a polytope
is itself a polytope. The O-faces are vertices and the I-faces are
edges. The 2-faces are often simply called "faces" when P is 3-
dimensional.

wc£e. the. aJte.a and cU6pe.MCLt p!1.ob.€.em/.)a1.J!Jay/.)have. the. Mrne an6VIe!l. The
cU6pe.MCLt plr.ob.€.em6O!r. N poin.:t.6 hM be.e.n MJ've.d fJO!r. N < ]0, N = 12, and
N = 24. A /.)oJ'ution ha/.) be.e.n announQe.d nolr. N = 11, and the!le. alr.e. Qonje.Q;tU!r.e.d
M.€.utiOM nolr. N = 10 and nOJr. abou:t a doze.n othen. vallie./.) On N. (9)

Eggleston, Grilnbaum and Klee(1964) show 8(d,i,j) is finite if
i = d 'or i = d - 1 > j or i is a multiple of j, and YJ.ee(1970) shows
8(d,i,j) is infinite whenever i < j. Ho~ever, the finiteness of
8(d,i,j) is unsettled whenever d - 2 ~ i > j ~ 2 and i is not a
mul tiple of j. From the d-dimensional version of the classical-
isoperimetric inequality it .follows that 8(d,d,d-l) = (dHi/d)-l/(d-l)
where Wd is the d-measure of a d-dimensional spherical ball of unit
radius. The supremum 8(d,d-l,d-l) is not attained by any d-polytope,
but B. Grilnbaum conjectures that all other finite suprema are attained.
Aberth(1963) shows 8(3,2,1) ~ (6rr)-1/2. Melzak(1965) conjectures
6(3,3,1) ~ 2-2/33-11/6, with'equality only for a right prism based
on an equilateral triangle whose edge-length is equal to the height
of the prism. For other results related to the determination of
e(d,i,j) see Komhoff(1968,1970) and Larman and ~~ni(1970b).

(9)Solutions of the dispersal problem tor N ~ 6 were discovered
by Tammes(1930) , a botanist. Rigorous solutions were given for
N ~ 6 and N = 12 by Fejes Toth(1943, 1949, 1953), for N ~ 9 by Schutte
and van der Waerden(195l), and for N = 24 by Robinson(196l). Robinson's
result established a conjecture of Schutte and van der Waerden(1951), as
did the solutions announced by Ludwig Danzer for N = 10 and N = 11.
However, Danzer's arguments, presented at conferences in 1962 and 1958
respectively, have never been published. There are published conjectur
of SchUtte and van der Waerden(195l), van der Waerden(1952), Jucovic(195
Strohmajer(1963), Goldberg(1965 , 1967a-c, 1969a), and Robinson(1969)
which cover all values of N s, 42 with the exception of 23, 28, 29, 34, JII.
and 39, and cover also the values 44, 48, 52, 60, 80, 110, 120, and 122.
The known results and conjectures are summarized by Goldberg(1967a, 1969/1)
Among the expository accounts of the dispersal problem are those of
Fejes T6th(1953, 1965), Meschkowski(1966) , van der Waerden(1961),
Coxeter(1962), and Klee(197la).

Let 7. (P) denote the sum of the i-measures of the various i-
faces of pt for example, ~l(P) is the sum of the lengths of p's edges.
For distinct integers.i and j beteeen 1 and d, let Pii(P) denote the
isoperimetric ratio ?;(p)l/i/)j(p)l/j. Su';prisingly,'the f oLl.owf.ng
problem is open: For which triples (d,i,j) is Pij(P) bounded above
~ P ranges over all d-polytopes? Arid even whenPij (P) is known to
be bounded above, the precise value 8(d,i,j) of its supremum has
been determined only when i = d and j = d - 1.

Now let' /.) tunn to :the. cU6pe.MCLt plr.ob.€.em. We.want to p.€.aQe.N poin.:t.6
I'll II ~phelLe /.)Q M to max...i.rnize.:the. mivu.rnWll di!.>taywe. betwe.e.n the. poin.:t.6.
III~( (toO .(.n the anCLtogoM pMb.€.em on the. wC£e., we. ne.e.d QOMide!l on.e.y :the.
tli~ (rll'/CM betwee.n poin.:t.6 who/.)e. une. ugme.nt i!.> an e.dge. 06 the. po.€.yhe.dJr.on
~11~llIr'll ~!1taJung :the. poin.:t.6 M ve.Jr.tiQe.!>. Qu.Ue. a /.)h'npU!liQaUon, vi!.>uaily
iii /'r'I1H. To 6oJr.ti6Y YOM intuition on tw plr.ob.€.em, you m..i..ght think 06
U 11,\'(II~ plLObR.e.m6aQe.d by N mi!.>anthnope.!>, each. 06 whom /.)Q hate.!> :the. 0:the.M
11111I II I' WC.I'I,tA to get M nalr. away nlr.om :them M pOM..i..b.€.e.. Folr.:thi!.>, M nolr.
(/Ir \II'("'III~ P/I,ob.ee.m,· 1r.e.gu..f.aJU:tyi!.> a good gu..i..de.whe.n N..(./.) 4, 6, air. 12, but
IlilllIlI III' ( WlW1 N,w 8. The. mMt cU6pe.Me.d aJt!r.angeme.n:t 601r. e...i..ghtpo..i..n.:t.6

III' ( III (/11' v~J:.:tLc.~ 06 a wbe. bu:t M:the!l at zhose. 06 a /.)quMe. antipwm,
II'ILII'II tllt'('II~ 1'1PftIr{/M mbwnum cU6tanQe.. Note. that :the. vo.€.ume. and cU6pe.MCLt
1"11'1/1 {'I'IIII, (II' 1111' ~ phn('na \' e cU.66e.Jr.e.n:taMWe.M whe.n N i!.> 8, while. on the.

As was remarked by Robirison(196l), a general method of Tarski(195 I)
provides in theory a solution of the dispersal problem for any given
number N of points. Indeed, for each N there is a finite number of COlli
putational steps leading to an algebraic equation satisfied by the
maximum, overall arrangements of N points on the unit sphere, of tb
minimum distance. However, because of the length of the required
computation, the method does not seem to be applicable in practice. I"IIJ
very large values of N one can only seek lower and upper bounds on C'IHI
maximum of the ~inimum distance, or, alternatively, lower and upper
bounds on the maximum number C(<f/) of spherical caps of given anaul(11
radius <f that can be placed on the sphere without overlapping.
It is known that ~; {csc2<f_-(%csc2~)2/3} .5 C<'f) ~ a=~O'
where a is such that sec2a .;1 + -sec2y:'.Here t'helower bound is
due to van der Waerden(1952) and the upper bound to Fejes T6th(19~q)1
see also Coxeter(l962) for the latter. For f!? < 22° a sharper but, 11111'1
complicated upper bound follows from the wcr k of Robinson(1961).

The. 6..tMt /.)y/.)te.matic. /.):tudy 06 the. cU6pe.MCLt plr.ob.€.emWa/.)made by 11

botan..i..!.>;[.(9) Tw p..i..c.iMe. /.)how/.)why. He. wante.d to e.xp.ea...i..n the d.i../l,tJt.(
bution on /.)phwQa..t polle.n glr.a...i..MOn :the. p.€.aQe.!>t{vwugh w{uc.h a. PO.e.e~11 tlill/'

QaJ1eme!lge. ..i..nthe. p!r.OQ~/.) 06 6 e.Jr.tiUzaUon. M e.ad1 polle.n :tube ~CLII~.I> 11/'

a c.e!l:ta...i..J1 amount 06 /.)paQe., the. ex.d: p.€.aQe.!>Qa.nr t: be. :too C£o.6 e. :toge t '''''1.
Howe.ve!l,the!le. /.)hou.e.d be. Q./.) many ex.d: p.€.aQe.!.>a/.) pOMib.€.e. .t/'t oIr.dell to 11I11,

mize. the. chance» 06 6e!ltiUzaUon. We.m..i..ghtMy that the poUel1 9/((li11

wan.:t.6 to max...i..m.<.ze.:the. nWllbe.1r.06 po..i..n.:t.6--e.x...i...tp.e.rw~-- 001r. a 6.i.xed mb1ltllii/ll



All .l.,1,.teJteAting IUPIlc.t o£ the nU.6aJ'LtMope ptwbLe.m M bttOugh-t ou.-t by
/III II lit) I'ha..t ;the beA;t rn-UUmumd,u,;(;aJ1c.e 60ft £.-Lvepo-<-n:t6M :the <lame IU OM

1/,((t ,u" ;'6 V(N) deno:te;., the be;.,t dMtanc.e 60ft N pO-<-I"..:U,:thc.n V(N-l)

O!N) ~(111 N • 6. Thu» the 6-<-vemMantlvtOpeA Me .6WtptrMed t» M~d theu Me
1/1' IJI'(I(l./1 o~6 ;than ~.i.x! The .6ame lte£.a..ti.O/1.6~p Me.m.6 to hold bctu:een
1'('('\1('11 II,fila/'! tlvtoPeA and .tweLve. The lteguLM Lcosonedno« p!tov-<-du the
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dM.taJ1c.e, wlU£e the mManthttopeA want to ma.U.m[ze .the ~~um cU..o.tanc.e
60ft a 6.i.xed numbeJt o£ po-<-nt.6--th~eLVeA. HoweveJt, a c.omplete .6oluUon

o£ cUhelt pltC'ble.m el'Ltail.6 a c.omplete .6ofuUon 06 the othen.. (10)

un-i.Que beA.t Mltange.ment £Oft .tweLve po-<-nt.6, and d hM been announc.ed .that

dMc.attMng one o£ those. po-<-nt.6pltov.i.deA .the un-i.que beA.t attltange.ment 60lt

e.£.even. S-Lm.i.£.Mc.onjec.tWte..6 have been made 60lt N = 24, 48, 60, and 120.

Thu» the mManthltope pltobLe.m lead.6 .to the 60liow~g .6ub-pltoble.m: 1.6

V(N-l) equal to V(N) when N M 6, 72, 24, 48, 60, and 720, and otheJtWMe
J.>.ttUc.fty glteateJt than V(N)? 06 c.OuMe V(N-7) M neveJt le..6.6 xhan V(N).(17)

(lO)For another connection of the dispersal problem with biology,
see the ~athematical model of cell-nuclei formulated by §erban and
Stroila(1966). The shapes of virus particles appear not to be re-
lated to the solutions of the dispersal problem (see Goldberg(1967d»
but rather to another geometrical problem considered by Goldberg
(1937) (see Caspar and Y~ug(1963) and Wrigley(1969». (ll)The result for 11 points is Banzer's, as indicated in (9),

while the conjecture about 24, 48, 60, and 120 is due to Robinson(1969).
The special property of these numbers actually established by
Robinson, and related to the conjecture, is as follows: 1£ N points
~ placed £!!. ~ sphere in such ~ ~ that each point is as near .!£
five others as ~ two points are.!£ each other, then N is 12, 24,
48, 60, or 120, and for each .£i. these values of N the configuration ~
unique ~ .!£ rotation and reflection. This result has been extended
in a certain di rectd.onby Fejes Toth(1969b).

In his studies of molecular geometry, Gillespie(1960,1970) (see
also Levine(1970» notes that the arrangements of electron-pairs in a
given valency shell are a consequence of the mutual interactions of
electrons due to (a)electrostatic repulsions, and (b)the operation
of the Pauli exclusion principle, according to which electrons of
the same spin tend to stay as far apart as possible, while electrons
of opposite spin tend to be drawn together. He then concludes that,
in most cases, (b) is so dominant that (a) can be virtually ignored
and the dispersal problem provides the correct model for studying the
arrangement. However, Gillespie(1970) appears to claim incorrectly
that the most dispersed arrangement of 10 points is at the vertices
of a bicapped square antiprism.

A fte.£.ated pftoble.m ~voLv-<-ng po-<-nt.6 on a .6pheJte Waf.> the .6oWtc.e 06 a cU6-

agltee.ment -<-n1.694 between I~aac. Newton and Vav-<-dGltegOlty. They wondeJted

how many sphene» c.ouLd be attltangcd .60 IU to touch a c.entJta£. .6pheJte wLthou.:t

any ovett£.apping, aU the .6pheJte;.,bung c.ongltuent. The po-<-nt.606 tangency

06 the ouxer: .6pheJteA wdh the c.entJta£. ~phClte pltov-<-dea dMtltibJ.Ltion 06

point.6 on that .6pheJte. In .the c.oMe..6pOnMng plane pltobLe.m--Mltanging

c.ongttuent wue;., to xouch. a c.entlta£. wue--the maximum M eMily .6een

be 6. FOlt the 3-Mmen.6ional maximum, New.ton c.onjec.tWted 12 and Gltegotty 1~,

Note .that i6 c.ongftuen.t .6pheJte..6Me tangent, one ~ub.tend.6 on the o.theJt (.I 1'11/'

06 angUfM nadiiu. 30·. Henc.e the Newton-Gftegofty pltOble.m amount.6 to 1U1111I1!I

How many cap.6 o£ anguLM ttaMU.6 30· can be plac.ed on a .6phClte wLthou;t
oveJt.l'.apping?

One way 06 Mltanging -tYJe.£.ve.6uc.h c.ap.o M .to maximuze the minimum

dMtanc.e between thw c.enteM. In thM Mltange.ment, v..,jUch plaCeA tl/(I

c.enteM at the veJttic.eA 06 an wcMbed fteguLM Lcosahednon, the 30· Nll'~

can even be enlMged .4Li.ghily withou.-t oveJt.l'.apping. Newton Imew a Ap/lC'itl'
Mltange.ment invoLving .twe.£.ve c.ontac..t.o, Waf.> unable .to pftoduc.e a./'!y .(.I1VO (1\1I111/
~een, and pttobably lU.6umed no one wec.ouLd do it i6 he COu.ecll'" i,
Thu» he c.onjec.tWted the maximum WM 72. Gltegotty'~ gue..6.6 o£ 13 wa.6 11(1"11

p£.au..6-<-ble,M the. .6Wt£ac.e Mea 06 a ~pheJte M motte than th.-i.M:ep/,! (Iml'

In connection with an earlier model of the atom, Thomson(190~)
sought to determine the stable equilibrium patterns of N classical
electrons constrained to lie on the surface of a sphere while re-
pelling each other according to the inverse square law. (One such
pattern would be that of minimum potential energy, but there might
be others; there might even be inequivalent patterns having the
same minimum potential energy.) The problem, which is no easier
than the dispersal problem, was later considered by Foppl(19l2) ,
~lyte(1952), Cohn(1956) , and Goldberg(1969b), but the total amount
of progress was not great. However, Cohn(1960) was able to provide

rather complete treatment of the corresponding problem for the
circle, where N not necessarily equal point charges are acted upon
by a fairly general repulsion law. For each ordering of the charges
on the circle there is .(up to rotation) a unique stable configuration,
Ind when all charges are equal it is the regular one.
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xhas; 06 a cap 06 anguJ:M /WcUuJ., 30°. WeU., Newton WiL6 !U..gh:t, bu:t .tha.:t

WMn"t pnov ed uJlL.t.Le 780 qeiuu. la.:tef1.. (72) I hope i..:t will be £C!.l-il than 780

yeM.iJ be60f1.e -ilOmeone -ilolvC!.l the next -iltage 06 Newton' -il pl1.oblem, ..Ln wh..Lcch

th« -il..Lngle ccentJr.a.t -ilphef1.e ..L.iJf!.eplacced by ;two tangent -ilphef1.C!.l. Tha.:t..L.iJ, how-

many -ilphef1.C!.l can be made to ccontac..t the MgUf1.e 60f1.med by ;two tangent

-ilphef1.C!.l, aLe. -ilphef1.C!.l bung ccongf!.uent and no oveJr.ffipp.-lng pef1.m..l:t:t:ed?(72)

(12)See Coxeter(1962,1963) for an account of the Newton-Gregory
controversy and for references to solutions. The conjecture for the
two-sphere problem is due to R. Robinson(written communication), who
observes that it implies a conjecture of L. Fejes T6th to the effect
that any packing of congruent spheres in E3 in which each sphere
touches 12 others must be formed from layers with the usual hexagonal
arrangement.

M a -ilte.p towMd a f!.eiL6oM.ble cconjec..tLlf1.e 60f!. the ;two--ilphef1.e pf1.Oblem,

(/,;t Ll.iJ CCOn-il..Ldef1.ano.thef1. Mf1.angement 06 twuve. 30° ccap-il on a -ilphef1.l!., ;tiili

OI1.~ a.MoUated w..Lth a ccuboc..tahe.dJtol!l !ta.thef1. tha« an ..Lcco-ilahedJton. In ccontflMt

wWt the ..LCCO-ilahedflal Mf1.ang ement, . .th..L.iJ0 ne do C!.l not pef1.mi..:t the. ccap-il to be.

~I1i.Mged. Howe.vef1., i..:t doC!.l lead :to a padung 06 ccongf!.uent -ilphef1.C!.l ..Ln

~pac~, WWl eacch contac..t..Lng ;twuve 0.thef1.-il. To -ilee ;tiili, -il.-lmply d..Lv..Lde

3.~pace. ..Lnto ccubC!.l ..Ln the. na.tuJr.a.f way and placce -ilphef1.C!.l cco~ccent!U..cc wi..:th

e/l.na.:te ccubC!.l z o ;ti1a.:t eacch -ilphef1.e i..6 tangent to aU. ;twuve edgC!.l 06 w
lkbe.. Th..L.iJ..L.iJthe "ccub..LCCUOM-padung" 06 JohanneA KepleJr.. It..L.iJ 06

qcMJ!. ..Lntef1.C!.lt to CAY-il.taLe.ogMpheM, iL6 i..:t ..L.iJcconje.c..tUf1.ed to rJf1.ov..Lde

N1Q cie.n-ilC!.l:t pac/Ung 06 -ilphef1.C!.l ..Ln the -ilpacce. Howevef1., :tha.:t'-il ano.thef1.

IIM(J.e.ve.d pl1.oblem, iL6 the. cconjecctMe. has been pf!.oveLi onty undef1. cceJr.ta..Ln

'/rnuealUty iL64LLmpUOn-il. (73) I6 we exam..Lne a pctJ1..t{.~ -ilphef1.e..Ln:th..L.iJ cconM-

(I/(fl.t{..on, we. z e.e .tha.:t .the ;tvJuve P0..LnU 06 tangency wi..:th the. oxnen. -ilphef1.C!.l

he. veJr.tiCC!.l 06 a ccubocc;f:ahedJr.on. And..Lb we exam..Lne tioo tange.nt

plWI<Ul, we. i>e:e. .tha.:t .th0e Me 78 otheM toucch..Lng one of!. bo:th Ob them.

/11(' ccmj e.c;tu./t.ed max.-lmLLm60f1. the. ;two-.6phef1.e pf1.Oblem ..L.iJ 78. (72)
/

(l3)A sphere-packing in Ed is called a
, for each pair of sphere-centers x and
tho canter of a sphere in the packing.

lattice-packing provided
y, the point 2y - x is
The cubic close-packing

111/1
1.1

11

of congruent spheres in E3 is a lattice-p~Cking and is known to be
the densest such. However, there is in E a non-lattice packing of
the same density, and it is therefore natural to ask whether some
other non-lattice packing may have even greater density. According
to Rogers(1958), "many mathematicians believe, and all physicists
know" that this is not the case. However, for certain values of d
greater than 3 there are non-lattice packings in Ed which are denser
than the densest known lattice-packings (Leech and Sloane(1970».

Then»: Me. many 0.thef1. un-ilolved pl1.oblem.iJ conc.ef1.n..i.ng aJr.f1.angemenU 06

pO..LnU on -ilphef1.C!.l. FOIL example, how -ilhouJ:d a 6.<.xed numbef1. 06 un« C.hMgC!.l

be. pucced on a -ilphef1.e so M to m..Ln..Lm..Lze.the potential enef1.gy 06 th». con-
6..LguMt..Lon?(14) (75) (76) Howevef1., I'd like to pas« on to a gf!.OUp 06 Un-ilolve.cl

pf1.Oblem.iJ f!.e.fated to .the 6amoLl.iJ 60Uf1.-c.olOf!. c.onjec.tMe. ThC!.le will f!.equ.-lJr.e.

-ilome deb..Lni..:t..LOn-il.

(14)The problem of finding the most dispersed arrangement of N
points in a set X, and closely related problems concerning the packh'f~
of circles or spheres in X, have been studied for choices of X not
mentioned above. See(15) -f or higher-dimensional spheres. For the
cases of circular disks, rectangles, and cubes see Goldberg(1970,
197Ia,197lb), Kravitz(1967,1969), Pvil(1969), Ruda(1970), Schaer
(1965), and Schaer and Heir(1965).

(15)To conclude the discussion of points on spheres, we will
describe some of the higher-dimensional results and problems.

The special relationship between 5 points and 6 in the case 0
E3 was extended to Ed by Rankin (1955), who showed that for d + 2
~ N ~ 2d, the most dispersed arrangement of N points on the unit
sphere of Ed involves a minimum angular distance of n/2.

Coxeter(1963) was concerned with the maximum number Nd of bol I
that can touch a ball in Ed, all of the (spherical) balls being COil
gruent and no overlapping permitted; equivalently, Ng is the max:l.n\ulII
number of points that can be placed on a sphere in E so tha t LIl(
minimum angular distance is at least n/3. He obtained the fallClWIIlf',
bounds: 24 s N4 .s 26, 40 .5 N5 .s 48, 72 s N6 s 85, 126 s N7 S 1/,6,
240 ::N8 :5 244. (See also Leech and Sloane(1971).) His lower
bounds are firm, as they result from specific constructions, but ILl
upper bounds result from a formula based on a conjecture which I
unproved for all d 2 5. (For d = 4 it was proved by Bo'ro'c zky (11111
Florian (1964) .) Coxeter' s formula leads to the asymptotic axpr/I••,,111I1
(d-l)/2 1/2 3/2 -1 . _2 rr d e for the upper bound. Fe]es Toth and HOPpul1 (111(,1)

considered the number Td of congruent balls in ~ that can bo I\'I'/1I1,,,,d
so that each ball in the family either touches a certain beJ 1 1\ III
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touches a member of the family that touches B; they showed T2 = 18,
56 ~ T3 ~ 63, and 168 ~ T4 ~ 232. A further extension of this idea
was considered in E2 by Fejes T6th(1969a).

As was' explained in the expository article of van der Waerden
(1961), the dispersal problem on a high-dimensional sphere is of
interest in information theory. In a communication system in which all
signals are of the same energy and are made up of a limited number of
frequencies, each signal may be represented by a point on a sphere
centered at the origin in EO, where the radius of the sphere is
determined by the energy, the dimension by the number of frequencies,
and the coordinates of a point by the Fourier coefficients of the
associated wave-form. The communication is inevitably subject to
some "noise", so that wh en a poLnt p is sent, it is certain onLyi that;
the received point (signal) is at distance < 8 from p, where the value,
of 8 depends on the energy of the noise. In order to avoid ambi-
guity in communication, any two signals (points) that are used should
be at distance ~ 26. Subject to this minimum distance requirement,
there should be as many available signals as possible. Alternatively,
if the number of signals is fixed, they should be as dispersed as
possible in order to maximize the amount of noise that can be toler-
ated. See Leech and Sloane(197l).

In another form of the communication problem, one seeks to m~n~-
mize the probability of error. This leads, as Balakrishnan(196l,1965)
has shown, to the problem of placing N points on the unit sphere S
of Ed so as to maximi~e the mean width of their convex hull. (For a
convex body B C Ed and a unit vector u E S, the width wu (B) in the
direction u iS,defined as the length of the interval {<u,b>:bEB}.
The ~ wid'th weB) is then obtained by averaging w1,1(B) over S; that is,

J sty (B)
weB) = (d l)uE u f S. The simplex conjecture- -measure 0

of information theory asserts that when N = d + 1 the mean width fs
maximized by placing the N points at the vertices of a regular simplex
inscribed in S. Balakrishnan showed that the regular arrangement
provides a local maximum, but the claimed proof of global optimality
of Landau and Slepian(1966) was shown by Farber(1968) to be invalid.
Thus the problem is open for all d > 3. Tanner(1970) has provided a
survey of the problem and a well-organized exposition of the relevant
geometrical knowledge.

(16)The intention here has been to stay rather close to the spe-
cific unsolved problems mentioned in the film. Thus, despite the
considerable number of references cited, we have barely scratched
he surface of the vast literature devoted to packing problems and
hove not even mentioned the closely related covering problems. The

t andard references on packing and covering are Fej es T6th(1953)
(nnd many subseque~t papers by him) fot two and three dimensions, and
Rogers(1964) for higher-dimensional spaces.

;.

LM; u..6 My :that :two 2~d.i.me.n6ionaJ'. lte.gion6 Me. nughboM in thU/t
III(I/(,¢ e,c;Uon M1-d.i.me.n6ionaJ'., and :that :i.J;JO3-d.i.me.n6ionlU lte.giOn6 Me.
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nUghboM in :thU/t iyz,teMe.c:Uon .u., 2-d.i.me.n6ionlU. A nughboJtly nam.<1.y
on lte.gion6 M one. in whic.h e.VeJLY Ite.gion M a nughbOlt 06 e.VeJLY otheJL
Ite.gion. The. 60Wl lte.gion6 06 ~ p.f.a.nM map nOM a nughbolLty 6am.<1.y,
.60 06 e.OUJt.6e. the. map c.annot be. c.o.tolte.d in .f.e-I>.6than 60Wl c.o.f.OM. Howe.veJL,
a p.f.ane. c.annot c.orz,ta,{.nany nUghbolLty 6am-<..e.yc.On6M:t,{.ng 06 molte. :than 60Wl

lte.giol1.6. Now, what .u., the. .6aua:t,{.on ,(.n 3-.6pac.e.? That M, what .u., the.
max-i.mu.mnu.mbeJL06 3-d.i.mel1.6ionlU ltegiol1.6 in a nughboJtly 6am-U.y? It:tUJt11.6

ou.:t :theJLe .u., no max-i.mu.m,that: 601t eac.h N theJLe ex.MM a nughboJtly 6am-i..e.y
c.ol1.6,{..():t,{.ng06 N 3-d,{.mel1.6ionlU ltegiol1.6. HeJLe.'.6an inMc.a:t,{.on 06 how .6uc.h
a nam.<1.yc.ou..f.dbe c.ol1.6:tJtuued. IT 7) Bu.:twhai: in :the ltegion6 Me VeJLy

Ite-l>wued in .6hape.--601t examp.f.e, i6 they Me. aU twahedJta?

(17)It can even be required that all of the regions are convex
polyhedra. Different proofs of this have been given by Tietze(1905) ,
Besicovitch(1947), and Danzer, Griinbaum, and Klee (1963). See Tietze(.!!)
for the history of the problem. The construction of Danze'r;:Griinbsum
and Klee is based upon the startling fact that for each N > 4 ther
exists a 4-polytope with N vertices such that each pair of vertices
is joined by an edge of the polytope. This fact and its higher-
dimensional analogues, first established by Caratheodory(19Il) and
later rediscovered by Gale(1956,1963), play an important role in the
study of polytopes (Gri.inbaum(1967».

Now we. have an ul1.6o.f.ve.d pltob.f.e.m. SpeuMc.aUy, wha.:t,{..()the. maumum
numbeJLN On meJllbeM 601t a nughbolLty 6am-<..e.y06 te:tJtahedJta? To see tlta,-t
N .u., at .f.ea.6t 8, we. begin IIJUh two ba.6e-1>. Eac.h C.OI1.6.u.,M o~ 60M ne.{.ghl.Je'l1I'I(
:tJt,{.ang.f.e-I>.We then C.OI1.6:t!tu.u :i.J;)0nughbolLty 6am,{..f.{.e-I>(16 60Wl te:tJtalienl1tl
each. by 60ltming :two pyltamid.6. UnaUy we. p.f.ac.e.the two pylW.17Jid.6ba,o e I(I

ba.6e. and give a .6ught. :twMt. That yie.e.d.6 :the. c.on6igMwon .6hown heM
in :the. plane 06 :the ba.6e-1>. Thu» eac.h te:tJtahe.dJton in one. pyltam.{.d 6a.mUIj
hiu. a :two-Mme.l1.6ionlU iyz,teMe.won wah each. .{.n the. othe«, and :the e,<nll (
te.:tJta.he.dJta60M a nughbolLty 6am-i..e.y. He.nc.e.N M at .f.eMt 8. In tiw (111,10/1

fue.c:Uon, a has been pltOve.d :that no nughboJtly 6am.<1.yinUu.de-l> mOIl(' (//1111

nA.ne.te:tJtahedJta, :thoug h no one. Imow.6 whe.:tlw.1tnA.ne.Me. aUu.aUy POU,llll'I'
The. pltob.f.e.m, then, ,(..()to de.ude. whe.:theJL:the. maximum numbeJL N M 8 011

and the. an6WeJL,(..()ge.neJLaliy be..e.-i.e.ve.dto be. ught. In a:t:te.mp:t,{.ng.to )"11111"

~ you mA.gftt wayz,t to .f.oo k 601t a new me.:thod nathe« than Ite.Mn-i.ng .011'
old one., 601t:the. e.xM:t,{.ng plto06 :that N .u., at mO.6t 9 :take-l>abou.:t .two
hundJte.d page-l>! (18)
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(18)The problem of neighborly tetrahedra is due to Bagemihl
(1956), who proved 8 S ~'s 17. Baston(19E5) showed N S 9. An
exposition of the problem was provided by Klee(1969a). ~or the
analogous d-dimensional problem, concerning neighborly families of
d-dimensional simplices in Ed, the literature does not even seerr,
to contain any good bounds, though Baston(1965) conjectures the
max imum is 2d•

The. 60Ull-coR.0I1.. pltobR.e.mde.w LC-dh ve.Jty ge.ne.JtaR.map.o on a pR.ane 011..
.ophe.Jte., -i.n wh-Lch the. .ohape..o 06 :the coun:tJt-i.e..omay be ve.Jty compuc.a:ted.
Howe.ve.Jt, .the pltobR.e.m can be lLeduce.d -i.n .oeve.JtaR. osaqs , In plte.pMation 601t
.oome Ite.duc.tion.o, 1'.u .oay :tha:t a set: -i..o conve.x -i.6 -d na: no de.n:t.o 011..hoR.e..o
-i.n -d 011..,mOlLe.60JtmaR.R.y,-i.6 -d con:ta-<-n.oaR.R.une. .0e.gme.n:t.o who.oe. e.ndpo-i.n:t.o
Me. -i.n .the. set, The. de.6-i.n-d-i.on appue..o, 06 COuMe., :to oil d-Lme.n.o-i.on.o.
A conve.x po.eyhe.dJton cs a 3-d-Lme.n.o-i.onaR.convex Ite.g-i.on who.oe. .oUlt6ace. -i..o
made. up to a 6-i.n-de. numbe.Jt 06 convex po.tygOYlh. The..oe. .oUltnace. poR.ygon.o
Me. caR.R.e.d .the. 6ace..o 06 .the. po.tyhe.dJton and we.'lLe. wo -i.n:teAe..o:te.d-i.nW
e.dge..o and veJt;ti.ce..o. FOIL exampR.e., :tJle. :te.:tJtahe.dJton, cuce , and ocxanednon
Me. aR.R.convex po.tyhe.dJta. Thei»: numbe.M 06 veJt;ti.ce..o, e.dge..o, and 6ace;.,
Me. M .ohowlt.

Accoltd-i.ng :to one. Ite.duc:t-i.on :the.OlLe.m,wh-Lch we. won':t plLOVe., :the. 60Ull-
co.tOJt eon] e.c.:tUJte.-i..o e.qu.-i.vaR.e.n:t:to .the. con] e.c.:tUJte.:tha:t :tJle. 6ace..o 06
any convex po.tyhe.dJton can be. eocon.ed -i.n 60Ull CO.tOM M .tha:t nughboJt-i.n9
6aceo ne.ve.Jt Ite.cuve. the. .oame. co.tOIt. (79) Tw pla-i.nR.y -i..o pOM-i.bR.e.601t e.ach
6 the. fue.e. e.xampR.e..o, bu:t theAe. Me -i.nMn-de.R.y many othe». convex poR.yhe.dJta

to WOMY abou:t. lIt onde»: .to lLe.duce. :the. 60Ull-colOl1.. pltobR.e.m:to a .ope.UaR.
l.Mh 06 convex poR..yhe.dJta, we. -i.n:tJtoduce. :the. notion 06 :tJtuncation. Tha:t

mQflnh huung a poR.yhe.dJton w.LtJl a pR.ane. .tha:t pa.6.oe..o be.:tu;e.e.none. ve.Jt:te.x
and .the. Ite.ma-Ln-i.ngveJt;ti.ce..o. Tw ltepR.ace;., the. ve.Jt:tex by a .omaR.R.6ace.,
nd U' h etU>y:to .be.e. .the. oJUg-i.nal polyhe.dJton· can be. coR.OI1..e.d-i.n 60Ull coR.OM
6 :che :tJtunc.a:te.d Ve.M-i.on can. Ju.o:t no:te. .tha:t any :two 6ace..o wh-Lch wouR.d

h(, nc),ghboM wUh the. ve.Jt:te.x, lteo:tOl1..e.dMe. wo nughboM -i.n :the. :tJtunca:te.d
VM~ {rm. By :tJtuncating any convex po.tyhe.dJton a:t each 06 W oJt-i.g-i.nal
111'11 ({CIlA, we. ooxacn one. .tha:t -i..o 3-vaR.e.n:t, me.an-i.ng :tha:t each ve.Jt:te.x -i..o
(J/1 ~l«({c-a..y fue.e. e.dgeo. Folt exampR.e., .:t:.hW -i..o .the. lte..ouU 06 :tJtunc,:U---tng
(/1(' (Jcta.heriJr.on a:t each. 06 W s-ex veJt;ti.ce..o. 16.the. lte..ou.ttin9 3-vaR.e.n:t
l'ol'.lf/l('dJtOn CJln be. co.tOl1..e.d-i.n 60Ull COlOM, the.n .00 can .the. oJt-i.g-i.nal poR.y-,
1i('cI~(1/1. ThUh .the. 60Ull- co.tolt conj e.c.:tUJle.wouR.d be. pltove.d -i.6 we. couR.d e..o:tabfuh
( ~('It aU $-va..e.e.n:t convex poR..yhe.dJta.

J
l

~

(19)The most complete exposltlon of the four-color problem appears
in the book by Ore(1967), and some important aspects omitted by are
are discussed by Heesch(1969): liay(1969) discusses the problemjs
origin and are and Stemple(1970) show that any map of less than fotty
countries can be colored in four colors.

The reduction of the four-color problem to the problem of colorin~
the faces of a (convex) polyhedron follows from reductions given in th
literature together with an important theorem of F. Steinitz whiGh
characterizes the graphs (combinatorial structures formed by the
vertices and edges) of polyhedra in purely combinatorial terms.
The theorem of Steinitz first appeared in Steinitz and Rademacher
(1934), and simpler proofs were provided by Grunbaurn(1967) and
Barnette and Grunbaum(1969). The graphs of d-polytopes for d > 3
have still not been characterized in purely combinatorial terms,
though necessary conditions have been given by Balinski(196l),
Barnette(1967), Grunbaum and Motzkin(1963) (see also Grunbaum(1965»,
Klee(1964), and Larman and Mani(1970a). See Grunbaum(1970a) for
some higher-dimensional analogues of the four-color problem.

Mowle.:t'J., R.ook a:t a d-i.66eAe.n:t Mpe.c..t 06 :tJtunc.a:t-i.on. 16 you :tJtu.nca:te.
the. cube. 60Ult :t-<-meo -i.n .the. manneA shoun, you ob:ta-i.n a convex poR.yhe.dtLon
-i.n wh-Lch each. 6ace. hM :thlte.e. e.dge;., on: s cc e.dge;.,. I:t has be.e.n conje.c.:tUJled
tha:t e.ve.Jty convex polyhe.dJton admw a Mn-de. he.que.nce. 06 :tItunca:t).on.o
lead-i.ng :to a pOlyhe.dJton -i.n wh-Lch e.ve.Jty 6ace. has a numbe.Jt 06 e.dge;., :tha:t
-i..o a mu.ttipR.e. 06 3. The. lte.qu.-i.Jte.d:tItuncation .oe.que.nce..o may be. mOl1..ecom-
plica:te.d thar: the. one. meady .6 hown 601t the. cube.. FOIl. e.xo.mpR.e, :tlw
one. -i.nvolve..o :tJtu.ncating a ve.Jt:te.x wh-Lch had We.R.6 be.e.n -i.n:tJtoduce.d by an
e.altUe.Jt :tJtu.ncation. In any CMe., :tw -Lnnoce.n:t-.oound-i.ng conje.c..tUJte. -i..6
known :to be. e.qu.-i.vaR.e.n:t:to thT!. 60ult-co.£01t conje.c.:tulte.! (20)

(20)The truncation conjecture is discussed by Hadwiger(1957).

The.Jte. have. be.e.n .oe.ve.ltaR. c..e.a-i.me.dp1t006.6 06 :tJ,e. 60Ult-co.to1t conjCc:tIUI",
aR.R.06 wh-Lch :tUJlne.d ou:t :to be. -i.ncoMe.c..t. (27) Howe.ve.Jt, one. 06 :the.m h(t~ fl'lI

t» ano ihen. -i.n:teAe..oting unsorved pltoblem. In oltdeA :to -i.n:tJtoduce. :tho..t f.V!I'/lf,''''

and W conne.ction w-L:tJt :the. 60uJt-co.tolt conje.c.:tUJle, R.e.:t'.6 cOlu-i.de.Jt a.11!!
3-vaR.e.n:t convex polyhe.ciJton :tha.:t admw a Ham-LUon-Lan Ultcu.-i.:t. By :t/l(
1 mean a way of, :tItave.R.-i.ngalong :tJle. poR.yhe.dIton'J., e.dge..o.60 all:to v-i..6.<..t

each ve.Jt:te.x exac.:tR.y once. and Ite.:tu.ltn :to the. .6:ta!tung po-<-n:t. Folt e.xamp('I' ,
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that ,1AlU a Ha.mLU.orwm e-i!tC1U..:ton the cube and helLe ,u, one on the lLegui.aJt
dodec.ahecvwn. Any buc.h e-i!tc.u,U cLi..v-<-debthe bUIL6ac.e 06:the po£.yhedILon
-<-nto ;two ha.£Veb -<-1'1a na..:tuJta1. way, and d c.an be plLOved :that the 6ac.eb -<-1'1
eac.h ha.£6 can be c.o£.olLed w.Lth only ;two c.O£.OM .60 :that nughbolL-<-ng 6ac.eb
lLec.uve cLi..66e1Lent c.o.i'.OM. Tha.t £.ead.!>to an ac.c.eptab£.e c.O£.OM,Ylg06 aU
the 6ac.eb wd:h jU.6t noUIL c.O£.OM.

(21)While writing the final version of this viewer's manual
(October 1971), I heard of another claimed proof of the four-color
conjecture, based on work of ,Heesch(1969) , which sounded much more
promising than the many earlier claims. However, I have not yet
seen the details of the argument.

ThU.6 the 60UIL- c.o.i'.OILC.OYljec.:tUILe c.ould be plLOved by I.>how-<-Ylg:tha.t any
3-va£.evt:t convex po£.yhedILon admw a Ham-<-.i'.:toMane-i!tc.(U;t. The ewtenc.e on
such. wc.u,U:;., sxood M a con] ec.:tUILe nOlLmOlLe than I.>-<-x.:tyyeaM unt1£.,
·I1a.i'..i'.y.&t 1946, a c.ounteILexamp£.e WaI.>plLoduc.ed. HoweveIL, theILe lLema-<-M
te plLob£.em 06 fj-<-ncLi..ngthe I.>maUebt c.ountelLex.amp.i'.e. That,u,: What,u, the

m-ilW'num nwnbeIL M 06 velL:t-<-c.eb 601L~ 3-va£.ent convex po.i'.yhedILon not adm~ng
It Ha.m-<-.i'.:toManWc.u,U?(22) It,u, p.Jwwn.:tha.t M,u, between 20 and 38. The
I~WO 6 :that M ,u, at £.eal.>t 20 -<-nv0£.v eb an ex.am-<-naUon 06 .:the many cLi..n6 elLent
fu~q~ 06 3-va£.ent c.onvex. po£.yhedlLa wi:th 6eweIL :than 20 velL:t-<-c.eb, and the
Ii (.0 c.oveILy 06 a Ham-<-Uon-i.anUlLC1U..:t -Ln eac.h. In the athe»: d-Ut ectio 1'1,
1i1Me ,u, q. c..i'.eveIL pIL006 thiu: thih po.i'.yhedILon 06 38 veIL:t-<-c.el.>dOeb not admd
Itlj liam-<-.i'.:tolmn wC1U..:t. Henc.e ~i ,u, at mol.>t 38.

(22)A re'sult equivalent to the conjecture on Hamiltonian circuits
loins stated without proof by Tait(1880) , and proofs were cl.aimed by
Chuard (1932) and Schoblik(1930). The counterexample of Tutte(1946)
ilOA 46 vertices, but an example with 38 vertices was constructed
Inclopondcnt1y by D. Barnette(see Klee(1967)), Bosak(1967) and Led erbar g
('1967). With the aid of a method of generating 3-va1ent poLyhed ra due
IIIpolnr form to Bowen and Fisk(1967), it has been proved by Mrs. Jean
I1IIIlor I:hat M ~ 24. Thus 24 s H .:;38, but further progress may be
lilif Iud Iff J cuI t . Also unknown is the smallest number of vertices for
II vII1~\11l convex polyhedron not admitting a Hamiltonian path, where
11,1. lu (iorlnod like a Hamiltonian circuit except that it need not
1111111 II Itl 1111 s t.nr t ang point. The smallest examples known at present
II'.lillIlHIul 'r.A. Brown (90 vertices) and T. Zamfirescu (88 vertices),
wli 11'11 111'11 dCUlc,.1 bed in the expository accounts of Klee (1967) and
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Grunbaum(1970b) respectively. Several related unsolved problems
are discussed in these accounts. In particular, the foI.Lowi.ng
attractive conjectures of D: Barnette are stated by Grunbaum(1970b):

A 3-valent polyhedron admits a Hamiltonian' circuit if each of its
faces-has an even number of edges.- - -- ---

Each 4-va1ent 4-po1ytope admits ~ Hamil"tonian circuit.
The second conjecture is unsettled even for the simplest 4-va1ent
4-polytopes---name1y, those formed as prisms over 3-va1ent polyhedra.
The existence of Hamiltonian circuits for such 4-po1ytopes has been
observed by D. Barnette to follow from the four-color conjecture.

A graph is sgid to be k-connected provided that it has at least
k + 1 vertices and is not separated by the removal of any k vertices;
equivalently, each pair of its vertices can be joined by k paths that
are pairwise disjoint except fOt 9~eir common endpoints. By the theorem
of Steinitz(1934) mentioned in 1 ,as reformulated by Grunbaum and
~;otzkin(1963), a graph G is isomorphic with the graph of a polyhedron
if and only if G is planar and 3-connected. In connection with the
above problems on Hamiltonian circuits, it should be mentioned that
Tutte(1956) (see also Ore(1967)) proved that every 4-connected planar
graph admits a Hamiltonian circuit. And Fleischner(197l) has recently
proved that the square of every 2-connected graph admits a Hamiltonian
circuit. (The square G2 of a graph ,G has the same vertices as G.
However, two vertices of G2 are neighbors (joined by an edge) in G2
if and only if they are either neighbors in G or have a common ne Lghboj;
in G.)

For results concerning the existence of Hamiltonian circuits on
polyhedra of unrestricted valency, and on certain special classes of
3-valent polyhedra, see Klee (1'967)and Grunbaum(1970b) and their
references. See especially Grinberg(1968) , Sachs(1968) , and Barnett
and Jucovic(1970).

For additional unsolved problems on variuus aspects of the
geometry of polytopes, see'GrUnbaum(1967,1970b), GrUnbaum and Shephard
(1969), Klee(1966), and Shephard(1968).

Though .:the plLob.i'.em 06 Mnd-Lng ,M'I.>.:tILue vallie ,u, a -6peUa£. and
cLi..66-Lc.u£.:tone, d,u, 06 -LnteILebt -Ln c.onnection w.Lth an -LmpolL:tant plLob.i'.em
61LOmolLgaMc. c.hem,u,:tILy---that 06 c.od-<-6y-Lng:the debCJUp:t-<-OM 06 olLgaMc.
c.ompound6 -<-1'1a manneJt :that ,u, amenab£.e to modenr. method.!> 06 e1.ec..:tl!.oMc.
data PlLoc.e;.,l.>-Lng.(23) Hav~ng ment-Loned .6ome I.>.e.-<-ghtlLe.i'.atiOrt.6h-Lpl.>06 c.onvrx
bocLi..eb to botany, c.lLY.6:ta£..i'.oglLaphy, and oILgaMc. c.hem,u,:tILlf, I' -?t c..i'.01.>e VJ-i..,f/I

.:thILee I.> holL:t wu o.tv ed plLOb.i'.em.61.'.0nc.elLMng phyl.>-<-c.a£.plLOpelL:t-<-el.>06 1.'.0nvex
bocLi..eb.
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(23)See Lederberg(1965,1969) for the use of Hamiltonian circuits
in the codification of organic compounds.

A ~pheJUc.al. bail has th« pltopeJLty tha..t nOlt any two plan~ -the. Me.a

06 :the. bail'.6 .tMg~t cJ1.0M-~e.c.tion paltaile..t to one. p-i'a.ne. -W the. ¢ame.

M thas: 06 w .e.Mg~t cJ1.0M-~e.c.tion pMalle..t :to -the. oihen, It -W un/mown

whe.:theJt any non-~phe.M.c.a1. conve.x body hos -tha..t pltopeJLty. The. anal.ogo~

2-rUme.~.(.0rta1. qu~:t<..on has an a66.ur.ma.tive. a~weJt. In 6ac.:t, :theJte. -W a

nonc.-Ur.c.u1.aJtccnvex body who~e. maUmu.m cJ1.0M-~e.rnonal. .teng-th .(.n any

ciUternon Is :the ~ame a6 thai: .<:nany othen: ciUternon. [24)

(14)The plane convex bodies "whose maximum cross-sectional length
in any direction is the same as that in any other direction" are pre-
cisely the bodies of constant width, usually defined by the condition
that the distance between any pair of .parallel tangent lines is the
same as the distance between any other such pair. See Flee (1971a) for
an expository account of some of the surprising properties of these
bodies, and for references to the Lfterat ure,

The unsolved 3-dimensional problem mentioned above, dealing with
areas of plane cross-sections, is related to the problem of deter-
mining the Fermi surface of a metal by means of the de Haas-van Alphen
effect. See Klee(1969b,197la) for accounts of this, and Mackintosh
(1963) for a readable discussion. of Fermi surfaces. Zaks(197l) has
constructed some rather well-behaved bodies which are not spherical
and yet have the property of "constant maximum cross-sec tional area'";
however, his examples are not convex.

10 .l.n;tMduc.e the next pltob.te.m, we note thiu: the. non- c.btc.u1.M plane

r(lIlU~X body ~hown heJte -w ~uc.h tha..t 60ft ~ une ~ng :the body '<:n:to

(Hltl ItM..ves 06 e.qual. Mea, the. ~egmen:t jo'<:Mng :the c.ente.M 06 gMvdy 06
(fir two hal.ve.6 ..i.A peJtpend.(.c.u1.aJt :to :the line. The qu~:t<..on -w whe.:theft any

1I(1I1.6pfIQII.-i.c.ai. 3-rUme~'<:onal. conve.x body has :the ana.togo~ pftOpeJLty 60ft ail

,'I'tfllr~ cv.;t:t.ing J...;{ .(.nto ;tWo hal.v~ 06 equal. vo.tu.me. Tha:t -W, do~ theJte

r.1(/.6'( It YtO~phe.M.cal. 3-rUme~.(.onal. convex body.~uch tha«, 60ft any p-i'a!1e

I'll ( t ! I'I!1U ,(.1'VtOtwo hal.v~ 06 e.qua.t vo.tu.me., -the une j 0'<:nJ.ng :the. cente.M
,~ (1~(lU{ (If 06 -the. two ha1.v~ -w peJtpend.(.c.u..tM to :the p.&tne? T/tJ...6amouf'!,U

(t' (I~11111{1 whet/,eft theJte. -W a no~phe.M.c.a.e. homooeneous convex ~oud 06
II? wilier/I, wheY! 6.toa..t.<:Yt9.(.n «XUeJt, wU.e. ft~t.(.n eqMlib~m

116 ((~ (Jltirl1·ta.·ti..oY!. [25)
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(25)The problem about floating bodies was posed by S. Ulam in the
1930's, and is repeated in his book (Ulam(19'60)) on unsolved problems.
The 2-dimensional example is due to P.uerbach(1938).

The 6.<:nal.pftob.te.m ~o '<:nvo.tv~ cen:te.M 06 g/tavdy. A homogene.o~
~oud -w c.ailed u~;tab.te pftov.<:de.dtha..t .<:t -w '<:n:the .6hape. 06 a convex
po.tyhe.d!ton and ha6 a .6pe.Ua.e. 6ac.e such. thax, houieve): tne. .ooud -W place.d

on a blat Mft6ace, d w.LU !tOle. oven: u~ d ft~U on tha..t ~peUa1. 6ace.
Hefte. -w a u~tab.te Mud will ) 9 nac~; th« ~peua.e. 6ace -W co.tOfted ned,
No ma:tteft how I put d down, d will .:tWtn u~ d ft~U on :the fted 6ace.
Howeveft, d Ls un/mown wha..t -w the. MaU~t pM~'<:b.te nu.mbeft 06 6ac~ 60ft
such. a Mud. [26)

(26)For the construction and a number of related unsolved problems,
see Guy(1969).
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