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Just what are “proofs without words?” First of a*;ll, most
mathematicians would agree that they certainly are not
“proofs” in the formal sense. Indeed, the question does not
have a simple answer. Bug, as you will see in this book, proofs
without words are generally pictures or diagrams that help the
reader see why a particular mathematical statement is £rue, and
also to see how one could begin to go about proving it true.
While in some proofs without words an equation or two may.
appear to help guide that process, the emphasis is cearly on
providing visual clues to stimulate mathematical thoughift. Proofs
without words bear witness to the observation that often in
the English language to see means to understand, as ir “tol see
the point of an argument.”

Proofs without words have a long history. In this collection you
will find modern renditions of proofs without words from
ancient China, classical Grreece, twelfth-century India—even one
based on a published proof by a former President of the United
States! However, most of the proofs are relatively more recent
creations, and many are taken from the pages of MAA journals.

The proofs in this collection are arranged by topic into six
chapters: Geometry and Algebra; Trigonometny, Calculus and
Analytic Geometry; Inequalities; Integer Sums; Sequences and
Series, and Miscellaneous. Teachers will find that many of the
proofs without words in this collection are well suited for
classroom discussion and for helping students to thinlk visually
in mathematics.
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~ Introduction’

see (s8) v., saw, ééeh,éééing‘.x’—"—v.t.' o5 -
5. to perceive (things) mentally; discern;
‘understand: fo see the point of an argument.
S ‘—7THE RANDOM HOUSE DICTIONARY .
. OF THE ENGLISH LANGUAGE (2"d ED.)
- UNABRIDGED. .~ = '~ AR

' Proofs without words” (PWWSs) have become regular features in .

‘the journals published by the Mathematical Association of America' — " |

notably Mathematics Magazine and The College Mathematics Journal.

 PWWs began to appear in Mathematics Magazine about 1975, and, in -
. an editors’ note in the January 1976 issue of the Magazine, J. Arthur - .
Seebach and Lynn Arthur Steen encouraged further contributions of

' PWWs to the Magazine.  Although originally solicited for “use as end-
of-article fillers,” the editors went on to ask “What could be better for -
this purpose than a pleasing illustration that made an important math-

“ematical point?”

A few years earlier Martin Gardner, in his popular “Mathematical

. Games” column in the October 1973 issue of the Scientific American,
discussed PWWs as “look-see” diagrams.: Gardner points out that “in

many cases a dull proof can be supplemented by a geometric analogue -

so simple and beautiful that the truth of a theorem is almost seen at a

- glance.” This dramatically illustrates‘the dictionary quote above: in
English “to see” is often “to understand.” [

 In the same vein, the editorial pdlicy‘ of The College Mathematics
Journal throughout most of the 1980s stated that, in addition to exposi-
tory articles, “The Journal also invites other types of contributions,

g

*most notably: proofs without words, mathematical poetry, quotes, ...

(their italics). - But PWWs are not recent innovations — they have'a .

long history. Indeed, in this volume you will find modern renditions
| of proofs without words from ancient China, classical Greece, and India
of the twelfth century.- =~ = - SRRV O R



vi L o ~ Proofs without Words

, Of course, ”proofs without words" are not: really proofs As
Theodore Eisenberg and Tommy Dreyfus note in their paper “On the
Reluctance to Visualize in Mathematics” [in Visualization in Teaching

and Learning Mathematics, MAA Notes Number 19], some consider

such visual arguments to be of little value, and “that there is one and 4
only one way to communicate mathematics, and ‘proofs without
words’ are not acceptable ” But to counter this v1ewpomt Elsenberg

- and Dreyfus go on to give us some quotes on the sub]ect

~ [Paul] Halmos, speakxng of Solomon Lefschetz (editor -of

the Annals), stated: “He saw mathematics not as logic but
- as pictures.” Speaking of what it takes to be a mathemati- -
cian, he stated: “To be a scholar of mathematics you must
be born with ... the ability to visualize” and most teachers
try to develop this ablllty in their students. [George]
‘Pélya’s “Draw a figure ...” is classic pedagogic advice, and

Einstein and Poincaré’s views that we should use our vi-

+ sual mtumons are well known ' :

So, if ”proofs without words” are not proofs, what are they7 As ‘

‘you will see from this collection, this question does not have a ‘simple,
concise answer. But generally, PWWs are pictures or diagrams that
help the observer see why a particular statement may be true, and also

- to see how one might begin to go about proving it true. In some an

- equation or two may appear in order to guide the observer in this pro-

. cess. But the emphasis. is clearly on providing visual clues to the ob-

- server to stimulate mathematlcal thought. .

I should note that this collectlon is not 1ntended to be complete It
does not include all PWWs which have appeared in print, but is rather

a sample representative of the genre. In addition, as readers of the As-

sociation’s journals are well aware, new PWWs appear in print rather

frequently, and I anticipate that this will continue. Perhaps some day a-

second volume of PWWs will appear' ‘-

\

1 hope that the readers of this collectlon w1ll find en]oyment in dis- o
covering or rediscovering some elegant visual demonstrations of cer-

tain mathematical ideas; that teachers will want to share many of them

~ with their students; and that all will find stimulation and encourage-

ment to try to create new “proofs thhout words.”’



Introduction - o ’ ' ' vii -

Acknowledgment. I would like to express my a'ppre'cia.tion_ and
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of this collection: to Gerald Alexanderson and Martha Siegel, who, as
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_Note. All the drawings in this collection were redone to ‘¢reate a’ :
uniform appearance. In a few instances titles were changed, and shad-
ing or symbols were added (or deleted) for clarity. Any errors resulting -

~from that process are entirely my responsibility.

~

, Roger B. Nelsen
- Lewis and Clark College
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|  _. Geometi'y&'Algébra B A I '3-1

J

' The Pythagorean Theorem I

I R T L v%—adapted from the Chou pei suan ching
R SR S (author unknown, circa B.c. 2007)



4 IR o T Proofs without Words

" The 'P'}'rth'a”gorean _Theorem i

" Behold!

- '——B‘héska'ra (12th century)‘ R



: Gedmetry&Algébra o e .

 The Pythagorean Th':eofer'ri“ o

—based on Euclid’s proof ‘



The Pythagorean Th

B o
R .

\

corem IV

—H. E Dudéney

(1917)./_' L

" Proofs without ‘Words . . .




‘.‘Géometr.y&Algebré' Ly

" The Pythagorean Theorem V.

- a

 —James A. ‘Ga'_rfiélld (1876)
- 20th President of the United States
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The Pythagorean Theorem VI

i

'  ‘;Mi‘chaei . Hafdy



- Geometry & Algebra -

A Pythagorean Theorem: a-4" = b-b’ +ect

= a-x:

’

c

= &y =

a

bb',

" .

cc’;

=Gty = b 4cc.

—Enzo R. Ge‘ntil‘e'
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| TheRolling Circle Squares Itself

:\—;fThdma;is Elsner

<
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 OnTrisectingan Angle

i f-fRu’fAU‘s_ﬂIsaac_:;’s. o



12 ‘ : o " Proofs without Words

, ’Trlsectlon of an Angle 1n an Inflmte Number
| of Steps | |

S

—FEric Kincanon .=



Geometry & Algebra : E el 5: 13

© Trisection of a Line Segment .

"k"—Scott Coble .



14 Rty ;,3_‘1 Sl PR 'ﬁ'-','Proef‘s"‘Withouvt Words R |

g The Vertex Angles of aStar Sum t0180 e "

 —Fouad Nakhli
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Viviani’s Theorem = .

| The perpendlculars to the 51des from a pomt on the boundary |
ooor W1th1n an equﬂateral triangle add up | to the helght e
' R of the tr1ang1e o o

' _Samuel Wolf
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A ThebfemL'About Right Tria'r.lgxlesﬁrl,

~ The internal bisector of the right angle of a right triangle
. bisects the square on the hypotenuse. |

- —Roland H. Eddy
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o ,Area and the Pro]ectlon Theorem
~ofa nght Trlangle | |

—Sidney H. Kung -



FV'.,5‘18' e " Proofs without Words

 Chords o Tonents o B Lngth

b If c1rc1e Cl passes through the center O of c1rc1e Cz, the length

- of the common chord PQ is equal to the tangent segment PR

. —Roland H.Eddy
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2 ‘Complétin'g» the Square |  '-

—Charles D. Gallant



20 - . o - 'Prbofs without Words

o yAlgeb‘raic AreasI

N (a%b)z%(a —Vb)2kr4= 2(é2+5?) .

| ——Shi}r‘le'y\Wakin  '



- »Alg_ebrai'c Areas II e

| . e«—a+b+tc—> ,

!
'

: T &\x | % — | | \

a+b-c

] R AR AR Rt s

7



22 B AR T S S Pch‘)ofs“Wivth‘but.Wdrds‘ |

""»"Dlophantus of Alexandrla s ”Sum of Squares
| Identlty AP TR

(a + bz)(c + dz) (ad + bc)2 + (bd ac)2

r' 3

L]
X

~N

':bc

€
N
(>}

a| o abed

—RBN



Geomeiry&"Algébra -

| »"The kth n—gonal Number 1s S
14k Don- 1)+,_(k (k- 1)(11 2)

L —_Davve“ Logothetti
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The Volume of a Frustum of a Square Pyramld
[Problem 14, The Moscow Papyrus, circa 1850 B.C. ]

h " h

VP =5

2) nE a'-%(b3—a3) = ll-(a2+ab+b2)

REFERENCES

- C. B. Boyer, A Hlstory of Mathematzcs, John Wlley & Sons, New

- York, 1968, pp. 20-22. .
2. R.J. Gillings, Mathematics in the Time of the Pharaohs, The MIT
Press, Cambrldge, 1972, pp. 187-193

- —RBN

R y

R



. Geometry & Algebra . 25

The Volume of a Hemlsphere via
Cavahen s Pr1nc1ple

*Tzu‘Geng,‘son of thekmost celebrated mathefhaﬁcian Tzu Chung} Chih
‘in ancient China, was believed to be the first to develop the _principle in
the 5th century A.D. - .

- —Sidney H. Kung
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Sine of the Sum.......... e ........ T
~ Area and Drfference Formulas e | 30
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. Trigohometry, Calculus & Analytic Geomet‘ry‘ : | 29

| Sine cl>f_ythe Sum

sin(x+y) = sinxcosy+cosxsiny for x+y<m

c= acosy+bcosx
r=1/2=sinz= (c/2)/(1/2)—c, sin x = a, smy b ‘
: sm(x+y) = sin (n - (x+y))—smz smxcosy+smycosx ,

—Sidney H. Kung



| . 30 R o R BT o ‘P‘rodfs without Words‘

bsmy ‘

beosy " - acosx

~ sin(x-y) = sinxcosy-cosxsiny

beosy -+ ésin.i - -

mcosx . bsiny

. cos(x~y) = cosxcosy+sinxsiny

~ —Sidney H.Kung



- Trigonometry, Calculus & Analytic Geometry . .~ 31

‘The Law of CosinesT

(bsing)?|

2o GsindeG-beosO?
='a2+b2—2abcose R

- _Timothy A. Sipka



32 ' o e ‘;\Proofs.without‘Word*s

" The 'Law of Cosines 1 R

 acos 6-b)b = (1-Aa+0)

c? _#az + b? —2ab cos 0

—Sidney H. Kung
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Triéonometry, Calculus & Analytic Geometry : Lo - 33

The Law Of Cosines III (via Ptolémyf s -The‘o'r‘ef"n)

| a+ 2bré05(7t—_ 6

cc = bb+ (a + 2b COS(?I; 0))-a

v‘c2 = a? +b? —2ab-cos€ L

-—Sidney H. Kung




4 S " Proofs without Words

' The Double-Angle Formulas -

o C(COSZG, $in20)

. AACD ~ AABC

CD/AC = BC/AB  AD/AC = AC/AB
sin26/2cosf =2sin6/2°  (1+cos26)/2c0s0 = 2c0s6/2
- sin26 = 2sinfeos® . cos2 = 2;:052'0;—‘1‘ e

—RBN

2sing

ey ST



. Trigonometry, Calculus & Analyfic:Gebmetry' N o . 35

The Half-Angle Tahgent ‘Form‘ul‘as‘ Al

" 1-cos

. sin@  1-—cosB

. N5 =T4cosh - sinf




% o e o “Proofs without Words i

. McSillWeide’s; Equation |

(d-—b) cos%' = csin (aT_ﬁ)

%Hl Arthur DeKleine



.Trigonometry,:Calculus“ & Analytic Geometry o L 37

- (tanb + 12+ (cotf+1)* = (secO + cscO)?

sin@| \tano

cotf

. tan20+1 = sec26
:  cot20+1 = csc26
(tan6 + 1)2 + (cotf + 1)2 = (sech + csch)2
Y : tanf + 1 )

Iso tané =
‘ (aso -a# cotf+1

%Wﬂliam Romaine
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" Proofs without Words R

The Substltutlon to Make a Ratlonal Functlon of
the Sine and Cosme

6/2.~"
~0/2

_ zl— tany = sinf= 7 and cosf =

1+22

. —RBN .



Trigbndmetry, CalCﬁlus & Analyfic Georhetry’ e f., o 39

~ Sums of Arctangents S

arctan 7 + arctan§._=

- arctanl + arctan2 +arctan3 = 7w

" _Pdward M. Harris
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AN

-~ The Distanée' BetWeen‘a;Poir@tand.a-Line".-‘- S

(a, ma + c)

?

Ima+c-bl

lma+c-pl

o oA1+m2

.‘-x]'m..“.

'~ —R. L. Eisenman



“ Trigonometry, Calculus & Analytic Geometry !

“The Midpoint Rule is Better than the -
Trapezoidal Rule for Concave Functions

~

_—Franvk Burk



8o ' Proofs without Words

 Integration by Parts

- A e
L s=g(b)- v=g(x)

0 e g

UNIVERSITY LIBRARY

‘LEEDS METROPOLITAN J

: o Aréa{ k\ + Area~V/ ;qs‘—:plr‘f‘, T
. Judv + [vdu=u

(9,5)

(p,r)’

g = fg@|t - [ef widx
R L .

"~ —Richard Co‘u‘rva'nt !




Trigonbmetry, Calculus & Analy'tic‘ Gedrhetry | ‘ 43

: The Graphs of f andf are Reflections about
theLmey X R
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- The Reﬂ-_egtivon Property of the Par’,abol_a‘

VD(,—.p,y) 3

x:—pﬁ

QF = QD & mymy=-1 = Ll=.2=143

Y

_‘ . ;—Ayoub B. Ayoub



Trigonbmétry, Calculus & Analy‘ticheorﬁetr’y e 45

Area under ah vArch :‘of‘ they’Cy'c_x‘loid o

<« 27R —8M8M8M8M8M8M»

ZR2R .+ . =R . 4+ 37mR2R
. = A=37nR I

’ . o R —Richard M. Beekman _»
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¢

The '\Afithrvneti‘c' 'Méah—'—G’eomet»ric Mean :
Inequality I | |

—Charles D. GalIant
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T

”'The Ar1thmet1c Mean—-Geometrlc Mean
| Inequahty I |

- 2 V2 | '
@b -G-b = dab

. —Doris Schattschneide.r\ :



©Inequalities: . R I R

| The Ar1thmet1c Mean—Geometrlc Mean

s Inequahty III

E + b > \}ab w1th equahty if and only 1f a= b

_Roland H.Eddy



52 o o " Proofs withoufWords

' Two Extremum Problems

For a given product, the sum of two positive numbers ,
~ is minimal when the numbers are equal. - .

~ For a given sum, the product of two positive numbers
is maximal when the numbers are equal.

oy
A SO
(O,S) ' B ’

R ‘..\ 2'.2_ ‘
&\\\\\Q NGy

,%-' )x

—Paolo Mont‘uchi' and Wérren Page
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 The Harmonic Mean—Geometric: Mean—

Arithmetic Mean—Root Mean Square -
Inequahty | S

NI

O
p~Y
+ | =
Sl
o
V\/v . S ’:\:, |

M =',‘a, oM : b‘ a>v‘b'> 0’~
HM < GM < AM < RM

| az‘-?-bb < \ab <

< \/(a +b2)/2

_RBN
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The Harmomc Mean—Geometrlc Mean—
~ Arithmetic Mean—Root Mean Square
g "Inequahty I S -

i | AB= —a, BC"; b
?f“*AD Dc—,“—'*—b N

| ",}BE.LAB DE -AD
" FELED, FB||ED

pal o b-g
| .EG_}-BD_—-—‘ >

S

vy

.;—Sidney H. Kung -
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'f‘wyThe Harmomc Mean—Geometrlc Mean—j,:‘?': L
~ Arithmetic Mean——Root Mean Square ST
o Inequahty III | .

+b b.' 2ab
W =0+b

| a, b>0 = \/(a +b2)/2 >

“—a—»——b A

é% | “‘2a2v-‘i-'2b2'; (a+ b)2 _’ S

S A+ b

(JaT) > 4 1rJ'13
>~/77

(—;j__)(_ : é y : “"‘ Q_, ” S - ‘1‘ 3
' . ) 3 j a‘v*‘.

R — +

e

 —RBN
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- Five Means — and Their Means
“:y ‘ ) +\b
Arithmetic: am = AM(a,b) = T i
a®>+bp>
\ Contraharmomc cm = ’CM(a b =35

r Geometrlc gm = GM(a b) \] |

" 2ab
: Ha‘rmomc:V hm = HM(a,b) :b L
. ' a®+ b2

Root Mean Square: rms. = RMS(d,b) = 2

b

cm

s

am

s : 2‘+:‘y2'= (a+b)

hmf=-----* i '
| X o +y —aa b
afp------1 oo xy-=ab

: ,;, xX+y=a+b
a hm gm am rms cm b o

o S
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I. .0<av<b '=> B

2 2 2 .2

a<‘;2ibb<"/%<a+b< a_+b.<a‘+b,<~ b

2 2 7 a+b

II. hm+cm=a + b = AM(hm, cm) = am.

.  hmam=ab = GM(m, am) =-gm.. |

2 b2 : . :
V. = amcm= 4 ; = GM(am, cm) = rms.

o S
V. gm’+rms® = (a-;b) = RMS(gm, rms) = am.

L ——
(e
: ' 2 2
D AR LRRVES LR

-~ —RBN .



58 : ‘ ' . Proofs without Words :
. — J
|

..en.‘>. ne

041

1 /e
Inn/x

035+

03T

N
Y
A R
3
NS

.'—»_.Flouad_ Nakhli

" S



~ Inequalities - =~ - B B . 59 ;

AB> BAforesA<B

o y=mx TR
A R A

'>‘x

. —-Cheirlesl D. Géllant |



60 . | | : ' Proofs without Words‘ ‘

T

The Mediant Pfope‘_rty ‘.

AN
+‘.
o

a _ ¢ a [4
b<d b <b+d<d
_________ I
d,-'1|
B |
o
|
a ‘ :a.
|
|
l.
|
_________ I
b d ; ‘

— Richard A. Gibbs



Inequalities L - - 61

Regle des Nombres Moyens (Two Proofs) -~
[Nicolas Chuquet, Le Triparty en la Science des Nombres, 1484]

a ¢ a a+c c
a_,b_,c,d>v0; E<Z => b <b+d <y
y“
A
Kr) |
(b+d«a‘+'c
2 2 7
(ba)
,>x

My <my = My < my < My

—LiChangming

“—=als —>

¢ ¢
b<b+d "b+dd

a a




62 T o ’ PrdofS'without Wo‘rd.Sv k’

* The Sum of "é'.‘Positi'\;é Nﬁrﬁber and its |
- Reciprocal is at least Two (Four Proofs)

om . W

>2

X210 vl




}In'equﬁalities" B VAR S S : o 63

- ’Ari"s:tai'chus’ 'Inequalities o

0< éoz<t-7£ =>-s£o£< < fanx tana
ﬁ‘ 2 sinf8 B tanﬁ

| y=tanx

>‘< o

LY bbbt Wiaieiatatetrts
R pmmmrosio-moes

S i smﬁ  tanf. e
o3 sma < —-oc, o < tana
B B
B sina ‘d; tana

°51nﬂ ﬁ tanﬁ

. —REN



64 e o " Proofs without Words

The Cauchy—Schwarz Inequahty
I(a,b) (x,y>l < Il(a b)ll II(x,y>II

Wl

Ixl

N

bl

N

* (al + lyhlbl + lxl) < 2(%Ia_llbl i+ %lelyl) NP7 _\/ xz " yz

o Ia'x‘+ byl < lallxl +Ib||y| \/a + b2 \/x +y

—RBN

A

I T Y



Inequalities = B _ : B 65

Bernbul}ifs_ Inéqu'ali’ty (two 'proofs) L !
x>0,x¢_1,r>1 = x'-1 >r(x—1)

I.- (first semesfef calculﬁS) | |

Ay : . ‘. ;’2.

IL (second semester calculus)

| x>1
y=rtr—1
: > t
-0 1 x
‘ | x"r_1 ' : ’ ’ ‘ 1H »1"
x-1= jrt‘ dts>rx-1) 0 1-x"= jrtr_ dt < n1-1%)



- 66 o S o Proofs without Words

DY __' Ny

. Napler S Inequahty (two proofs)

b ‘ 0 Inb- lna 1
>a> =>b<——-:b_‘_.al <a,,‘,

1. (first semester calculus) S

P s N Y ™

m(L)< m(L)< m(L).c '

. 'II (second semester calculus)

oy

 —RBN



 Integer Sums

SUMS O TAOGOTS L ... s i 89
| Sums of Integers o.... 70
Sums of A TNEBERS Tl
Sums of Odd Integers II ......... ........ S 72
‘ | vSums of Odd Integers IH ...... ........ ‘....f.f.'-.v».‘..j..'.r ...... : 73 :
Squares and Sums of Integers ........ ' 74

Arithmetic Progressions with Sum Equal to the. Square _

of the Number of Terms ieeraseimensaessmiemasenioseaiens aevaesmosnsiaenasasensindsones ‘_...\.76
| ‘Sums of Squares......... e ..... 4
Sums of Squares i ..... ...... 78 i
 Sums of Squares I . 79 ’,
‘Sums of Squares IV ...... ......... ................ S 80‘v |
Sums of Squares Vo i ........... 81
Alternatmg Sums of Squares . ........ 82 '
Sums of Squares of F1bonacc1 Numbers ....... o _..~.“.:.”;....83
Sums of CUbS T ....... i BE
Sums of Cubes I e ...................... 85
Sums of Cubes 1) RIS ST 86
Sums of CUDES TV ettt 87
Sums of Cubes Vv, ..... 88
Sums of Cubes VI....... e e
Sums of Integers and Sums of Cubes ............... . ...... 90

" Sums of Odd Cubes are Triangular Numbers ...............owwrierrereieenseeen9 1 :



68 | ; - - Proofs without Words

kth Powers as Sums of Consecutive Odd Numbers ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, 93
‘Sums of Trlangular Numbers I.... S ................. .94
Sums of Triangular Numbers IL ............cccoooumremsrmmmreeensneneessnesssessessssienen %
~ Sums of Trlangular Numbers I oo 9%
Sums of Oblong NumbersI........... ;.;.; ........... e O
Sums of Oblong Numbers II............ccooer.. i eeeeeeeeeeeeeeeeeeeeen .98
Sums of Oblong Numbers T ..o 99
Sums of Pentagonal NUmMDbers ..o, 100
On Squares of Positive Integers ........................................ resvrnesiesssnsionsian 101
Consecutive Sums of Consecutlve Integers ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, 102
| Count the Dots __. . e eebmsesnsssanseenmeeemassesesamestmestomar et ere st s 103
Identities for Triangular Numbers Coessessesresenartesu et aesaatas e antasae e e sentas 104
A Triangular IAentity ..ot eeeeesnesesbenesans 105
Every Hexagonal Number is a Trlangular Number . ,,,,, ;,,106
‘One Domino = Two Squares Concentric Squares .......................... ..... ..107
- Sums of Consecutive Powers of Nine are ‘ .
Sums of Consecutlve Integers — | S—
Sums of Hex Numbers Are Cubes ... e e 109
Every Cube is the Sum of Consecutive Odd Numbers T 2110

The Cube as an Arlthmetlc Sum ' ‘ e 11T

- e

R

£

LY Y T T, . T



Integer Sums

69

Sums ’Of"In‘t'evgest e

C1e24e

+n=3mn+1)

—“The ancient Greeks”
. (as cited by Martin Gardner) |



oo

Sums of Integers T~~~

o Proofs without Words v 3 :

| —Ian Rich’arvdvs



 Sums of Odd IntegersT

1+3 +5+ + Qn-1) =

; ‘.f.f v%Nicorlna'.cli'us.of_:(j}‘erésa (circa A. ‘1‘).‘10‘0) B



72 : o R ' ‘Pfoofs without Words '~

1+3+.--4+@2n-1) =z(2n)2 =.‘".2 ,



Integer Sums . - | ‘ 73

~ Sums of 0dd Integers HI* : L

A+3-A+---+(2n—1)-A‘_=' A= n?A

Y ei-n=n .
iél ‘ R

;-]endl Léhél |



74 ‘ T : o Proofs without Words

\Squai'v‘es‘ and Sums of In,t:eger,‘sv N

‘:I.,»

142434241 =32

1424344434241 =47

1424t 4n+n-D+42+1 =02

-~ —"The ancient Greeks” -~ = -
~~ (as cited by Martin Gardner) |



- IntegerlSums‘f . 75

IL.

14345474543 +1 =344

1434+ Qn-1) + @ual) 4 @n-D) 4 +3+1 = n24 (+]?

| eHee Sik Kim



76 ' S \ Proofs Without Words

Arithmetic Progressions with Sum Equal to
the Square of the Number of Terms ,

3n-2 - 2 _
) k= @u-1; n=1,2,3,-.
K k=n R . : .
o J
n=4 L S f
4’+5+6+7+8+‘9+10,=‘72




~ Integer Sums = .. -

Sums of Squafes I

=
ord
wn
bo.
=
b
- Q
R
=

. g

~Te =

ot b

LR

= \

-

+

=

S

R

el ()

n

()]

=

+

+

N

N

+

(4]

—




78

. Proofs without Words Cni

Sums of Squares II'{F’.{

3(12 + 22

+n2) ‘— (2n + 1)(1 + 2 + - e )'k o

+n :

14244

\\%%%%

NN

_—Martln Gardner and Dan Kalman s
(mdependently) o



~

- -Intege’f Sums.

 Sums of Squares I

3(12+2%+-- j‘+n2) =5nn+ 1)(2n +1)

‘mm .-+ n m

" n-1n-1 .-+ n-1 -~

2n+1

2n+1

12n+1_

 2n41

2n+l. e
2n+1 191;

Dol e
,f2n+1*7 ~f,f7”

 _Sidney H.Kung



80 ' o -  Proofs without Words

"‘;,,Sums of'Squéres v

1+2+3)-4

C+2+3+9.G)

~.—James O. Chilaka e



Integer Sums

81

Sums of Squares V.

% 3 -

1j=1

R |

n

>,

.

1

n

2

1

—Pi-Chun Ch'uang.



]’82‘ S e e i Proofs without Words

Altérnatihg Sums of Sqﬁareé i R

ilel_);kf’lv £ =" (—-1)"”@ s

S ;—Déve.Logofhetti R

L

S

V n(n+1)
2

' ?'nz;(ﬁ'—i)zf +(—1> "’ ‘2 1Fn- k>

o "—-Sté{ren‘ L. Snover




Intéger.Sums' Cor e 8 .

 Sums of Squares of F1bonacc1 Numbers :

- F=F=LFp=Fa+Fy = Fi+F+o+Fy = FpFpeg

—Alfred' Brousseau



84 | : Proofs without Words

| \’Su‘msof‘CllibesI I R L

R .\13+23’+33+.;-‘+n3=(1+2+'3+--'-+n)‘Z |

4

|

| —‘-—Solombn W._Golomb'



Integer Sums L N | | 85

Sums of Cubes II

BE +23+33 amd = (142434 +m)?

~ —J. Barry Love -



86 o S “'.'Prc‘)Of‘swivthoﬁthrdsH

 Sumsof Cubes T

13428 +3 4 ) = :(1 +'2 +3+- +n)2 R

a7y

7777
TTTTT
[T

- _Alan LFry |



87

[n(n + 1)]2

1

=4

P

-

o,

1 .
Letbepabara
I B
u|T|1lT|1|

1 o
-lTJﬂITI1I

Voo 1
ebapmabere-
h r .“1

a9

I Rt Bt

)
-t

|

2

A

- d

epmbep-

et -

tepebape

.. 1
wbapebapra-

P+B+3B 4 n®

—--
-

i
L
Lep-

1
Lop-

]

T1Irl1l

h h
' 1
-l Lo
oy ot gy
R
vy oy
F-bep-bor-
s

.
oyt
ebepelnf-
Yoy vy
I AT
Voot
f-L-p-tor-
ebmpabaph-

I '
n - - -

Integer Sums

Sums of Cubes IV

.

n

n
: %Ahtqnélla Cupillari and Warreh‘LUshbaugh

, (indepéndently)




88

Sum of Cubes V- f

- g
il MMM%

2= 142+ +n)? =

Proofs without ‘Words

3

PB+B+BPBedn

—RBN

N T, T T T T, T T

- oa



Integer Sums = - B P T Rt -89

Suym‘ of Cubesw‘;V.I" e

=Xi+2F i+ 4mFi o =1+ 20 4 -+ a0

SEEY T Ty e

 —Farhood Pouryoussefi



| 90 L = Proofs without Words |

Sums of Integérs and Sums of Cubes -
1+2+-‘-~+n_=%n(n+1)’.

i IR SN 1 2
P+’ (fﬁ(n+1))

. _‘3)(3 :

‘v?',ln(n;-i'- 1)

) —Géorg Schrage |

- 2X%x2 B



Integer Sums - R

X Sums *Qf‘Odd"Cubés are Tfiangulaf}Ntir»hEérs’; S

S
1 =np , ‘ ‘ ce

. 2 . )

3° =36) = FH + E =

| + | +»‘r = I:'

«—— 2436) —>

Cen-1 - @n- n@n - == Ii

s +“— (n-1)+n@2n-1) — |

r

Jr,r ey A |
| A REE vi 4——',—'v(n—1)+n(2n4—1)'__'_> |
PB4t @n1P = 14243+ + Q1) = n2Qn-1)

—Monte J. Zergef |



92 | . - : ' Proofs without Words

| Sums of-Fourfh waers’

T ] 1 T L) T T T ¥ L] L] ] L} T L] L] 1 1 T ¥ ] T ]

2.2 2
31 +2)

22 2 2
41 +2 +3)

T L § 1 1 L ¥ L] 1 4 1 ¥ T 1 L L) | §

' >||||‘||4|(||v||’||

-— > — .

+Elizabeth M. Markham



Integer Sums =~ o o 93

"kth Powers as Sums of Consecutlve Odd
Numbers

nk = @ lon+ D+ @l —n+3) + e+ ¥ l-n+2n-1);
‘ g | | ’ k=’2[31;"'. |

| ———— X ——

- —N. GopalakfiShnan Nair



 Sums of Triangular NumbersT

v Tn = l‘+>2+ﬂ-v°"+n, = T1+T2++Tn .=

T 3('1‘1‘;'1("'2_.‘,..‘; .’"_,L'Tn-)' = (n ‘4-_;2‘).'Tr'l s

(m+2) nn+1) n(n +.1)"(1'1'+'2) Ey |

| T +T2 4o+ T

S f%Mo’nte J: Zerger -

:n.(r’zv +1)(n + 2')‘ e _  _

I N o

A S



95

‘I‘ntege‘r Sums

Sums of Triangular Numbers II -

1

: b

.

_RBN

e

N
X -7

2

X
7

s

TR /\ |

: s, Y

L+ D+ 2)

NN N LA .
() /

R YA R :

1

LR

n

Tp=1+2+--+k= Y Tp=

k

%m\&\ -.\..s
[ ]



.9 - T ~ o Proofs without Words . 1

* Sums of Trlangular Numbers III L A

Tk _1+2+ +k = 32 Tk n(n+1)(n+2) ,

12 . 2 1 nlnl
123 3 2 1 . n-21n-2n-2

12 -eon-l neln-2 <0 1 . 2.2 o2 .
12 ' m-1nm n n-1 --- 21 1 1 - 11

n+2
‘ ' n+2 n+2 »
L n+2 n+2 n+2

n+2 n42 e n+2
n+2 n+2_ Loeer M2 n42

BTy + Ty # ot Ty) = Ty-(n+2)



Integer Sums o
Sums of Oblong Numbérs I
XD+ (XD + GxA) et (1D =E=DIOED
(@)
= o
" (id)
n+ 1_‘




98 , . o Proofs withoﬁt Words

Sums of Oblong Numbers I

"‘ '3(1-2'+'2i3‘+3'4.+ st nln+ D) = n(r+Dn+2) |

- —Sidney H. Kung

» Y ST L T T

B Y .

oy




R T I L T

* Sums of Oblong NumberS ;III‘ e

(A1x2)+ @x3)+-++ (=D xn = 3 -n]

rtecadeas] -

T
4 . - L]
P I P ” [N 3
[ ‘

31x2) = 2°-2 |

3ax2) o+ 3ex3 - = 33

W

¢ : :
~ -
n

axa o+ sexy o+

 —AliR Amir-Moéz



Proofs without Words

100

Sums of Péntagonai Numbers

—William A. Miller



Integer Sums : ' 101

On Squéres~of Positive Integers

' e - T, =1+24--4n =

'



102

 'Proofs without Words

~Consecutive Sums of Consecutive Integers

=3

)

oy 9410411 +12:-

9+ +12=13+14+15°

(n*+ 1 _+ 1_‘) +

N ((E)E

R



103

R TN T T
e R

Integer Sums = .

‘Count the Dots

.2_,
..n
o

w
2k
n+1

k=

n
k=

' ©0000|0
0000|600

© 060
000

00000000

4
¢

—»—Wa_rr'e'n’ Page



S 104 e S , Proofs without Words

~ Identities for Triangular Numbers o

.T>,,;= 1+2++n =

©00O0O0
leoocolooloo ool
e @ ole eolooe
© 0 0 o olo © © ©|lo ©
- |loleo @ @ @ 0|0
leoo oo » » ©6060 6|
© olo©oloo IR S © 00 0|
3Tn+ Tn__1 = Tzn. 3Tn*+ Tn+~1 = T2n+1

OO0 0O00oooo006

oo © 006l 6oooo|

© 000 0606|000

©® © 0|0 ©/6 0006|006

© 0 0lojoee o elo

eI

© 0le 0 0jlooloB OO

© ©0l6eooo0loo6e

© 00 ole|loooole ol

~

1+’6Tn+_Tn\+1_=(2n+1) )

T T



~ . Integer Sums

105

/

A Tfiéngu_lar Identity

ul

N

L1

6T

=1+2++n = (2k+l)2Tn + Ty = T(2k+i)n.+k

—RBN




| 106 ‘Proofs without Wor:ds': i

'r‘!Every Hexagonal Number 1s a
| Triangular Number

H, =145 +- +(4n—3) pn S
‘ 'Tn_]_+2,+ i " => H —3T 1+T j—TZn_l—n(Zn—l)

SOO
..




'Itg'sm-‘.--:. R | 107

L One Dommo Two Squares ol e

R Concentnc Squares

\\\\\ .

- ||
2

/////ﬂ 4
%/
i =

1 42 82+12:2+ 162 9 e

o Y—Shirley\A'.‘,Wakin_« B



108 - o  Proofs without Words

Sums of Consecutlve Powers of N1ne are Sums
of Consecutlve Integers |

%
G
R%
o %%
: A'
27
A
7

,T+9+J-+W?=1+2+3+~-+ﬂ+3+ +3")

—RBN

Y T Y T T .



Integér Sums-

109

Sums :“of HexNumbersAre "_Cu_b_es e

t




e 3 - 7+9+11 LT

110 e -I"'roofs'withoutWor'ds SIRERA

B vaery Cube is the Sum of Consecutlve Odd S

‘Numbers

o '?'n(n—l)+1 o

L n _[n(n 1)+1]+ ..... +[n(n+1) 1]

e




© IntegerSums 111

© The Cube as an Arithmetic Sum

S dP= Yo+l

- i=0

 Christopher Bruening‘sen‘ o






Sequences & Series

On a Prbperty of the Sequence of Odd Integers (Galileo, 1615)

.............. 115
- A Monotone Sequencé Bounded bY €. 116

A Recusively Defined Sequence for e................ocowmverrsoerseerssseeor 117
Geometric Sums Cemseseentomsesseetmmsssse st esss ornin - 118
Geometric Series L e tee e s st ne e e sn s 119
GeOMetTic SETEs I1 ............ooooeoooosoeeeeeesscseeeessesssseessesinissessesssmsressessisseeeee 120
Geometric Series TII............o.oooooooeoeoeeeeceeeeeeeresses e sesessisssssssssssesssesee oneeseneeeee 121
Geometrlc SIIES IV . ...t esen s s enas e s eansens 122
Gabriel’s Stalrcase ............................................. 123

e leferentlated Geometnc Ser1es N S e AU T 124
51—2- +,__21f3.+ e n(n1+1) | n'll ..... - ....... 126
‘.The Senes of Reaprocals of Trxangular Numbers ,,,,,,,, 127

o “The Alternatmg Harmonic Series ._............oooeoiorosoiorn 128
sm(_2n +1)6 = sinb + 2sm0 Zk 1 cosZk0129
An Arétangept Identity and Series ............................................................... 130






,Séquences&sefies ST TR 115

. On a Property of the Sequence of Odd Integers
(Gahleo, 1615) _ S
1'?1+3 '1+3+5t

3 5+7 7+9+11

©0000|
00006

loe o
© O

00w -
;@@@eHuQ

N
b~
|
(o=
@ -
oo
®

oo 0006

e
+ L
—t

N
R
O

®
> ©
©000

©00O00|.
© 0000
o o olo ©
o ojo © ©|
oloo 0O
©O0O0O
olo © 0 O
o olo @ ©
oo oloo
® © 0 0|

leeoo
leoeo -

lo e
of

o an-1

®
‘:f D
e

O qa3ele@non AT
@+ D+ @u+ 3+ +@En-1) =3

e REFERENCE

5. Drake, Galileo Studzes, The Umver51ty of Mlchlgan Press, Ann Ar-3 L
bor, 1970, pp 218-219 B | | L

—RBN




116 : o R " Proofs without Words

A Monotone Sequence Bounded ,byl e

iz, (140 < (1+)" <.

n21=m <my <1 |

1. 1
In(1 +;1-) 1n(1 D)
= 1 < 1 <1

n+1

' | ln 1 n+;1 '
= (1+n) <'(1+——n+1) < e




17 .

' Sequénées' & Seriés

A ReéuSiveIY' Defined 'SequénCé'-~f6r‘ e

.

ﬂilimxn‘::ef.'

x>1 & x,,4

ow

~ —Thomas P. Dence

~ In(x,)
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 Geometric Sums -

-3
2

- l
+4 +

00|r—l
]
et

e  r ‘rr(;l'—r) j 1‘(1-’-7«‘)2;“

e r(j;f)z

Cien®

1

" Proofs without Words

2 | |

r(1¥?)3., S

' —Warren Page' R




v‘Sequehces & Series 19

Geometric Series I

— e ——— e

a o+ ar o+ ar? +ard 4

a+ar+ar’+ard ... A1

—1/r : 1-r

 _J.H.Webb

B R D e o L o
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‘Proofs without Words

Geometric Series 11

APQR = ATSP

S 1+

| ,+Behjamin G. Klein and Irl C. Bivens

g
2 -
vt =77

e e e . —
N T T Y : -



Sequences & Series . a1

' Geometric Series I

A=rR 4 2002+ A2

1
177‘2
_a_
1-r

1+ e =
a+ar+art + ... =

'_",»‘—'St-inday A; Ajose e



122

Géometric Series IV

Proofs without Words




123

| Seﬁuences & Series
| Gabriel’sﬁ | Staii‘caSe' .

Zkr =

<~

for O<r<1

'k=1»

ZZr’ -

(1—r)2 B

- —Stuart G. Swain



Proofs without Words -

124

" Differentiated Geometric Series -~

1,
gt

)+ 4(

1
g *

) +3(

1
2

b — = — -

—| 00

|

e o e - - -

b

e




, 125 Lo h

 Sequences & Series

(.

1+ 2r + 32 4B+

“1-r

- —

r

e = -

e o o - = - = e - -

A
-r

\ B

—RBN
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Proofs without Words

~ —Roman W. Wong

I Y, T 1



Sequences & Series .

» ‘The Serles of Rec1procals of Trlangular
| _Numbers | -

o.)h_x o
S ON| =
4

+

127

—RBN



128 - ' C N Proofs .Without Words -

4

The Alternating Harrhonic Series

y
A Mg —1_1,1_1
\1 In2=1-5+3-%*
4
5.
1.1
56 2
| 3 |
1.1 R ;
3. 4 3 - 1
’ ‘ 1/7-1/8 2 Y=y
= 1-5 o
L o e : >y
1 4 5 i 2 (
\ l(;__?-_):l_l..
‘ 2\3 '4» 3 4’ :
"l(i_i);.l__l' 1(&;1).;1-__1_."
4\5 6) 5 6’ 4\7 .8 7. 8’
RN I : e - R |

2" 2”+2k—'1 2"+ 2k | '

In2 = ﬁ—df ;(1 -%

;Mark Finkelstein |




~ Sequences & Series S 129

5in(2n + 1)@ = sinf+ 2sinf ), cos2kO
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| The Gaussmn Quadrature as the Area of ,
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3 - (@ +fB) = 50 -DhG) + hB)

' 'eMike Akerman
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* The Problem of the Calis

A calisson is a French sweet that looks like two equilateral triangles -
ould come in a box shaped like a

- regular hexagon, and their pack-
ing would suggest an interesting
_combinatorial problem. Suppose =
a box with side of length n is

meeting along an edge.‘jCalis‘sons ¢

THEOREM: In any packing, the number’ of calissons with a given orien:

Proofs without Words

sons .

filled with sweets of sides of

| - length 1.- The short diagonal of
- each calisson in the box is parallel
~ . to a pair of sides of the box. -

" We refer to these threé,pOSSi-' '
~ bilities by saying that a calisson -
- admits three distinct orientations..

tation is one-third of the total number of calissons in the box.

PROOF:

o - —Guy 'David and 'Carloé Tome1
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~ Recursion

A3 = 24; +"1_§t Ay =243+1 As = 2A4+ 1 :

| Ay =3 & A, =2An_1+1 & Ay =20"1)-1=2"- 1

B —S}urley Wakin
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PROOFS WITHOUT WORDS I
MORE EXERCISES IN VISUAL THINKING

Roger Nelsen received his Ph.D. in
mathematics from Duke University.
Since 1969 he has taught at Lewis &
Clark College, where he is professor of
mathematics. He currently chairs the
editorial board for the Mathematical
Association of America’s series of
Problem Books, and served for ten
years as an associate editor of the

Y College Mathematics Journal. He has
s 3 published expository and research
AN articles in the American Mathematical
Monthly, Mathematics Magazine, the College Mathematics Journal,
Statistics & Probability Letters, the Journal of Multivariate Analysis, and
the Journal of Nonparametric Statistics. His other books are Proofs
Without Words: Exercises in Visual Thinking (MAA, 1993) and An
Introduction to Copulas (Springer, 1999).

What are “proofs without werds?”’ Many would argue
that they are not really “proofs” (nor, for that matter, are
many “without words,” on account of equations which often
accompany them). Like its predecessor Proofs Without Words,
published by the MAA in 1993, this book is a collection of
pictures or diagrams that help the reader see why a particular
mathematical statement may be true, and also to see how
one might begin to go about proving it true. The emphasis
is on providing visual clues to the observer to stimulate
mathematical thought.

Proofs without words have been around for a long time. In this
volume you find modern renditions of proofs without words
from ancient China, tenth century Arabia, and Renaissance Italy.
While the majority of the proofs without words in this book
‘originally appeared in journals published by the MAA, others
first appeared in journals published by other organizations in
the US and abroad, and on the World Wide WVeb.

The proofs in this collection are arranged by topic into five
chapters. Although the proofs without words are presented
primarily for the enjoyment of the reader, teachers will want
to use them with students at many levels—in precalculus
courses in high school, in college courses in calculus, number
theory and combinatorics, and in pre-service and in-service
classes for teachers.
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Proofs really aren’t there to convince you that = °
- -something is true——they re there to show you why e
;1tlstrue ‘ ‘

: : ' —Andrew Gleason EERET

. A good proof is one that makes us wiser., . SR
' ' ' f—Yu I Manln

Much research for new proofs of theorems already
‘correctly established is undertaken simply because
. the existing proofs have no aesthetic appeal. There
- are mathematical demonstrations  that are merely -
_ convincing; to'use a phrase of the famous mathe- *
~matical physicist, Lord Rayleigh, they “command
_ assent.” There  are other proofs “which woo and -
. charm. the intellect. They evoke delight 'and an -
. overpowering desire: to say, Amen, Amen.” An ele-
. gantly executed proof is a poem in: all but the form
©in Wthh it is wrltten A O
Sl L -—Morr1s Khne

What are proofs W1thout words?”- As you w1ll see from thls sec-

ond collection, the question does not: have a 51mple, concise answer -

~ (the first collection, Proofs Without:, Words:. Exerczses in Visual Thznk- AR

ing, was published by the Mathematical Assoc1atlon of ‘America in
1993). Generally, proofs without. words (PWWs). are pictures or dia-

grams. that help the reader see why a particular mathematical- state-

2 ment may be true, and also to see how one might begin to go about -
- proving it true. In some, an equation or two may. appear in order to - -

~ - guide the observer in- this process. The. emphasis is, however, clearly
- on prov1d1ng visual clues.to the observer to stlmulate mathematlcal _

o »thought

~ Proofs w1thout words are regular features in the ]ournals pubhshed :

o by the Mathematical Association of America. PWWs began to appear in |

~ Mathematics Magazine about 1975, and in - The College Mathematics. -

Journal about ten year later. But proofs: without words are not recent

‘1nnovatlons—they have been around for a very long tlme In thlS vol- o
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'~ ume you ﬁnd modern renditions of PWWs from ancient China, tenth
century Arabia, and Renaissance Italy. Proofs without words also now
appear in journals published by other. organizations in the US. and

o abroad and on the World Wide Web

- Of course, some argue that PWWs are not really “proofs” (nor, for

that matter, are they ‘without Words, on account of equations which
often accompany a'PWW). In his recent book Philosophy of Mathemat-
~ics: An: Introduction to the World -of Proofs and chtures (Routledge,
' London, 1999), James Robert Brown notes:" -

”Mathemat1c1ans, like the rest of us, cherish clever

ideas; in particular they delight in an ingenious . pic-
ture. But this appreciation does not overwhelm a

" prevailing skepticism. After all, a diagram is—at
best—just'a special case and so can’t establish a gen-
eral theorem: Even worsg, it can be’downright mis-
leading Though not universal, the prevailing atti-
tude is that pictures are really no more than heuris-
tic devices; they are psychologically suggestive and
‘pedagogically 1mportant—but they prove nothing. I
want to oppose this view and to make a case for pic-
tures having a legitimate role to play.as evidence

- and justification—a role well beyond the heurlst1c
In short, pictures can prove theorems ,

In my 1ntroduct10n to the first collectlon of PWWs, I suggested that
- teachers might want to share the PWWs: with their students. Several
readers of the first collection responded to my request for information
about ways in which PWWs are being used in the classroom. Respon-
dents commented : on -using PWWs ‘with classes at:all ‘levels—
precalculus courses in high school, college courses in calculus, number
. theory, and combinatorics, and pre-service and in-service classes for
~ teachers. PWWSs appear to be used frequently to supplement or even -
replace “textbook” proofs, for example, for the Pythagorean theorem or

- the formulas for sums of integers, squares, and cubes. Other uses range

~ from regular assignments, extra-credit problems, in-class presentatlons
,» by students, and even term papers and pro]ects

: I should note that thrs collectlon, like the ﬁrst is necessarlly in-
j complete It does not include all PWWs which have appeared in print
~ since the first collection was published in 1993, nor all of those which I

- overlooked in compiling the first'book. As readers of the Association’s
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- ]ournals are well aware, new. PWWs appear in prlnt rather frequently,
and they also appear now on the World Wide Web in formats superlor
to prmt 1nvolv1ng mohon and v1ewer 1nteractlon :

B hope that the readers of this collectlon w111 f1nd en]oyment in dis- -

- covering or rediscovering some elegant visual demonstrations of cer-

tain mathematical ideas; that teachers will share them with- their: stu-
dents; and that all will find stlmulatlon and encouragement to create

i new. proofs W1thout words

Acknowledgment I.would like to express my appreciation and
gratitude to all those individuals who have contributed proofs without
‘words to the mathematical literature; see the Index of Names on pp.

127-128. Without them this collection simply would not exist. Thanks - ‘

to Andy Sterrett and the members of the editorial board of Classroom
Resource Materials for their careful reading of an earlier draft of the
~ book, and for their many helpful suggestions. I would also like to
thank Elaine Pedreira, Beverly Ruedi, and Don Albers of the MAA’s
publication staff for their encouragement, expertlse, and hard work in
preparmg this book for publication.

Roger B. Nelsen
~ Lewis & Clark College
Portland Oregon

Notes
1. The illustrations in this collection were redrawn to create a uni-

form appearance. In a few instances titles were changed and shading
or symbols were added or deleted for clarity. Any errors resulting from

. kthat process are entrrely my responsibility.

2. Roman numerals are used in the titles of some PWWs to distin-
guish multiple PWWs of the same theorem—and the numberlng is
- carried over from Proofs Without Words. So, for example, since there
are six PWWs of the. Pythagorean Theorem in Proofs Without Words,
the first in this collection carries the title “The Pythagorean Theorem
VIL”
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4 3. Several PWWs in this collection are. presented in the form of

solutlons to problems from mathematics contests such as the: Wil-
liam Lowell Putnam Mathematical - Competition and the Canadian
Mathematical Olympiad. It is quite doubtful that such “solutions”
would have garnered many points in those contests, as contestants are -
advised in, for example, the Putnam Competition ‘that “all the neces-
sary steps of a. proof must be shown clearly to obtain full credit.”

4. The three quotatlons at the begmmng of the Introductlon are
from Out of the Mouths of Mathematicians by Rosemary Schmalz,
(Mathematical Association of Amenca, Washmgton, 1993), pp 75 62
and 135-136. o ‘
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The Pythagorean Theorem VII

The Pythagorean Theorem VIII:

The Pythagorean Theorem IX

The Pythagorean Theorem X
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“Areas and Perimeters of Regular quygons R - ’23
 The Area of a Putnam Octagon . .. . .. . . %
A Putnam Dodecagon ... . . . 72
| The Area of a Regular Dodecagon ...... .26
‘ Fa1r Alloc;at1on of a Pizza ...... ' 27 ;
A Three-Circle Theorem .. ...
CAConstantChord Lo 29
A Putnam Area Problem ........... ;;.;..‘...;_30‘
The Area Under a Polygonal Arch ' ' . . 3]
The Lehgth A°f a PolYgonal Arch . RN 32 -
- The Volume of a Frustum of a Square Pyramid - 33

- The Product of Four (Positive) Numbers. 1n.Ar1thmetic"

Progressmn is Always the D1fference of Two Squares 34

L AlgebrachreasHI ' . RN ... .35
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- The Pythagorean Theorem VI -~ -
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The Pythagorean Theorem VI -~ ,
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The ’Pythagor_ean Theorem IX

- —Leonardo da Vinci (1452-1519)



The Pythagorean Theorem X

Proofs without Words II

—J. E. Bﬁttche_r
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The Pyth'agor'eah The_c')rem-,XyIvI i i

—Poo-sung Park
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 lengths of the two diagonals of a parallelogram, is equal to the
'sum of the areas of four squares, whose sides are its four sides. -

| A Generalization from Pythagoras_'

Geometry &‘Algebra |

,.e“
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k

—Dav1d S. Wlse

COROLLARY: The Pythagorean Theorem (When the pafallelOgrafn i.s a

" rectangle).
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A Theorem: of Hippoc:ra_tes of Chios (circa B.C. 440)

| The combmed area of the lunes constructed on the legs of a
glven r1ght tr1ang1e is equal to the area of the trlangle IR

A+Ay=As
(L _+Sl)+"(L2' +55)=T+5+5
Li+L,=T :

'- ——Eugene A. Margerum‘

énd M1chae1 M McDonnell
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The Area of a nght Trlangle
W1th Acute Angle n/ 12

The area of a nght tnangle is —(hypotenuse) 1f and only 1f one

| acute angle is 7/12.

vc/4 |

 —Klara Pinter
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A Right Triangle Inequality

(Problem 3, The Canadian Mathematical OlYmpiad 1969) :

Let ¢ be the length of the hypotenuse of a right trlangle whose_

| other two sides have lengths a and b. Prove that
at+b<cy2.
When does equality hold?

SOLUTION:

’a+b‘Sc«/§ v' ""'d+b=vc’_y/§i@an=b_

Y "

L " .

Py P W S



Géometry.&Algebra - | o - 13

| The_"Im"'adiu’s of a Right Triangle B

—Liu Hui (3" century A.D.)
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The Product of.thePe'rimeyt*e:f of a Triangle and
Its Inradius is Twice the Area of the Triangle

.

NOTE: ‘Regions‘bearing the same number are qual in area.

. —Grace Lin
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| '-The Trlangle of Medlans Has Three-Fourths the
L Area of the Orlgmal Trlangle '

area(Aabc)

N ..eree(Amavmme)%%

—Norbert Hungerbﬁhler

ke




N

Ee

WGeometry&Algebral e B PR S N T 17

Heptasection of a .Triangl'e :

If the one-third points on each side of a tr1ang1e are ]omed to
opp051te vertices, the resulting central trlangle is equal in area
'to one—seventh that of the 1mt1al tr1angle

\

—William Johnston
-and Joe Kennedy
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A Golden Section Problem from the Monthly
s (Problem E3007, Amerzcan Mathematzcal Monthly, 1983, p 482)

Let A and B be the rmdpomts of the 51des EP and ED of an

| equllateral triangle DEF. Extend AB to meet the circumcircle
(of DEF) at C. Show that B divides AC accordmg to the golden

section.

'SOLUTION:

crf=7+l

—Jan van de Craats
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TiliIlg _With Squares ;and Parallelograms s

| ‘If squares are constructed extemally on. the 31des of a parallel- :

ogram, their centers form a square. .

—Alfinio Flores
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The Area of a Quadrllateral I

The area of a- quadrllateral is less: than or equal to half the-v
product of the lengths of its dlagonals, with equahty if and only

if the diagonals are perpend1cular

L. Convex quadrilaterals -

B

| Ama-lAC(eR)

<l76.3D
2.

. D
. IL Concave quadrilaferalsr
SIS
. Area=§AC~(h—_k)

<176.3D
2 ;

| —Dav1d B. Sher, Ronald Skurmck o

and Dean C. Nataro
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‘The Area of a Quadrilateral lI |

- The area of a quadnlateral Qis equal to one-half the area of a

parallelogram P whose s1des are parallel to and equal in length
to the d1agonals of Q T G T

\area(.Qr)’= %area(P)



7‘“22' | " Proofs without Words Il

A Square Wlthln a. Square

i hnes from the vertices of a square are drawn to the mid-

- points of adjacent sides (as shown in the figure), then the area
of the smaller square SO produced is one-flfth that of the given

square.
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Areas and Perlmeters of Regular Polygons

~ The area of a regular 2n-gon 1nscr1bed in a circle is equal to
‘one-half the radius of the circle times the perimeter of a.
»regular n-gon s1m11arly mscrlbed (n > 3)

area(PZn) = .%nsn o

= -;—perimeter(Pn )v

COROLLARY [Bhaskara, Lzlavatz (India, 12th century A D. )] The area of a |
circle is equal to one-half the product of its radlus and c1rcumference
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The Area of a Putnam Octagon
(Problem B1, 39th Annual William Lowell Putnam Mathemat1ca1
Competltlon 1978)

'Find the area of a convex octagon that is inscribed in a circle

and has four consecutive sides of length 3 units and the remain-
ing four sides of length 2 units. Give the answer in the form

r+syt withr,s, and t positive mtegers

, SOLUTION:

A‘ = (3 + 2«/5)2—

~13+1242
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A Putnam Dodecagon ' -
(Problem I-1, 24th Annual W1111am Lowell Putnam Mathemat1ca1 '

¥ Competition, 1963) -

" (i) Show that a regular hexagorr, sixi squaree, and six equilat— -
eral triangles can be assembled W1thout overlappmg to form a

regular dodecagon.

(ii) Let Py, Py, ..., Pj; be the successive vert1ces of a regular

dodecagon. Discuss the mtersecuon(s) of the three dlagonals
P1P9, P2P11, and P4P12 ' o :

 SOLUTION:
()

£PPpPy = LP,PiPy =74,
£P\PyPyy = £Pp PP, = 7[6,
R P1P9 N P2P11 N P4P12 zd.

- EXERCISE: Discuss the intersection(s) of the four dlagonals P1P6, P2P9,
P3P11, and P4P12 (Problem F-4(b), The AMATYC Revzew, 1985, p. 61)..
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‘The Area of a’Regul'ar‘ Dodecagon

A regular dodecagon with circumradius one has area three. .

{
:

o
L
L

.

I |
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- Fa1r AlloCation of a Pizza’

- THE P1ZZA THEOREM If @' pizza is. dzvzded into’ ezght slices bye “
- making cuts at 45° angles: from an arbitrary point in the pizza,

then the sums of the areas of alternate slzces are equal

: PROOF:

]
.

'

e

]

)

)

1

TN

NOTES: This result, discovered by L. J. Upton, is true when 7, the number of pieces, is 8,
12,16, ..., but false for n = 2, 4, 6, 10, 14, 18, ... . The positive results are in the references.
For the negatlve, the case n. =4 is easily handled while if 7= 2 (mod 4) we have the
following argument of Don Coppersmlth (IBM). It suffices, by continuity, to take the
special point on the boundary of the unit circle and one of the chords to be a tangent at |
the point. Then the gray area can be expressed in terms of 7 and algebraic numbers m

- such a way that its equality with 7/2-would yield an algebralc relatlonshlp for n:,
- contradlctlon ton's transcendence (detalls omltted) = .

- REFERENCES

1. L. J. Upton, Problem 660, Mathematics Magazme 41 (1968) 46.

- 2. S. Rabinowitz, Problem 1325, Crux Mathematicorum 15 (1989) 120-

122,

' —Larry Carter and Stan Wagon.
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A Thr,eé-Circle Thebrérﬁ,

Given three nonintersecting mutually external circles, connect

the intersection of internal common tangents-of each pair of

~ circles with the center of the other circle. Then the resulting
three line segments are concurrent. -~~~ g

.. " FA n@q .
=/ . AD"BE CF

/' DB'ECFA =
- (viaCeva's theorem)

. —R.S.Hu

ADBECE \ irnBPACD-P
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A Constant Chord

‘Suppose two c1rc1es Q and R mtersect in A and B. Apomt Pon ,’
the arc of Q which lies outside R is projected through A and B
‘to determine chord CD of R. Prove that no matter where P is

chosen on its arc, the length of the chord CD is always the
same. L P I TR ,

. ZC'AC = £P'AP = /P'BP = ZD'BD

NN

C¢C=DpD, CD’=CD

- C'D’=CD
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A Putnam Area Problem | ‘
. (Problem A2, 59th Annual W1111am Lowell Putnam Mathematlcal
Competltlon, 1998) SR o o :

Let s be any arc of the umt c1rc1e lymg ent1re1y in the f1rst :
quadrant. Let A be the area-of the region lying below s and

" above the x-axis, and let B be the area of the region lying to the

right of the y-axis and to the left of s. Prove that A + B depends

only on the arc length, and not the position, of s.

SOLUTION:

"b
\\\
\.
\.
\.
> .
7’
e
% wn

)))))

A: .

R IR i i T

A+B=‘2‘xg=e = 4(s)
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- The Afea Under a Poylyvgdnal.Arch, : -

The area undef the polygonal arch generated by one vertex of
a regular n-gon rolling along a straight line is three times the
area of the polygon.: N R TR R T I PR R

COROLLARY: The area under one arch of a cycloid is three times the area
of the generating circle.. . . . =

* —Philip R. Mallinson
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The Length of é’PolYgonal Arch -

~ The length of the polygonal arch generated by one vertex of a

regular n-gon rolling along' a straight line is four times. the

~ length of the inradius plus four times the length of the circum-
radius of the n-gon. R -

COROLLARY: The arc length of one arch of a cycloid is eight'timesi the
radius of the generating circle. ' 7 ' :

- Philip R. Mallinson :
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The Volunie ofa Frus’cum’o‘f a Squarel Pyramid

Py =3P

. P +Py=2R +4Py > P+ P+ P =3B +128
ST ' = 3(P, +4P5) =3P

V = g(az ;I-qb+b2) ‘

—Sidney J. Kung
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"The”‘Product‘o‘f,Fbur (Posifivé) Numbers in
~ Arithmetic Progress1on is Always the .
D1fference of Two Squares B

a2+3ad+dz
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Algébraic Areas IIT:
Factormg the Sum of Two Squares

S ]

-yt 20—

x+y—v-mi -
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;  The Derivative of the Inverse Sine

The Logarithm of a Product

| Trigohometry, Calculus, & Analytic Geometry

Geometry of Subtraction Formulas
The Difference Identity for Tahgents I
The »D_ifferén'ce Identity for Tangents II

One Figure, Six Identities

The Sum-to-Product Identities I

The Sum—to-P_roduct Identities IT

A Common Limit

.....................................

Geometric Evaluation of a Limit

........................................................
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An Integral of a Sum of Reciprocal Powers ..o
- The Arctangent Integral e e e oo soet s ivass s smmnseesoaponssen e 63
- The Method of Last Resort . .. R e 68
The Trapezoidal Rule i 88
Construction of a HYPebeIa e e e e e 66

...........................................................

The Focus and D1rectr1x of an Elhpse 67
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SineoftheSumll

- fbsin(a+ B) = Saysina+ bysinf.

o= -;-ab-cosﬂs.ina+—;-bdcos_o‘_ésir"1vﬁ .

S sin(a-j-ﬂ) = sinacosB+cosasinf -

| —Christopher Brueningsen
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Sine of the Sum I

~sin(a + 8) =sinacos B +sin fcosar.

1.

sino

sinf3

_Volker Priebe
and Edgar A. Ramos

oA e

:
1
|

A

.

-
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- CosineoftheSum -

‘beosa = asinf

1absm[%—(owﬂ)}:—z—bcosoe acosﬁ—%asmﬁ bsma |

cos(a + B) = COS 0LCos ﬁ smasm ﬁ
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cosf

sih( o+f)

Geometry of Addition Formulas. -

sin(a + )
sin fcosa
sina

- sin(ot + B) =sino.cos B+ cosasin B

i v
~ SOsp,
e

- sina=
cosf+

sina - cosf
T . cos(a+

COSO! Smﬁ+___(ﬁ

(. sIno

| coS(a + ) = cosacos f—sinasin B

sinf’ v - cos(a+g.)

- sine

~ —Leonard M. Smiléy .

- R . P

Y
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| GeOmetry of SubtraCtiOnFormulas s

o oS
s .‘cosﬁ
x=‘hsin(va'—ﬁ), |

x=(sina~hsinB)cosa

sin( - B) = sin acos B —cosasinf

. hsinB ~ sina-hsinf

Csinf ¢
x =hcos(a - B)

o x(=(sind—h_c‘osﬁ)cosa‘ )

. : ‘vh

cos(a— B) = éosoccbsﬁ +sinasinf

: —Lé;onai‘d M. Smiley '
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The Differen¢e<Identity fqr-,-Tangents,I

|tano - tanf

tanatanf

BE_AD
BE DE‘

| _DE_AD _ tana—tanf
R ¢ -p)= = = — . .
an(a ﬁ) BE BF 1+tanatanf -

L ,‘—‘Guax'\shen«Ren

Y S

D S
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| ‘Thé' Differehcé Ident1ty for 'E;Iz’ang‘érnl‘tsII B

i

tan(cr~ B);_ta__n‘ﬂ_t,an_a

- BT

T ‘ '..:ecﬁta‘rﬂp(a—ﬁ) — B t‘ar:l(a—"'ﬂ) :

of ONC

[_ I ‘

- oo

B A<1,0) ot

AC AB BD+DC

' tana tanﬁ tan(a ﬂ)+tanatanﬁtan(a ﬁ)

: tan(b —.ﬂ)‘ tana - “tanf
e R 1+tanatanﬂ
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One Figure, Six Identities

| sinasinf
: ' Q-
. @
The figure 5
) ©

“sinl

FonnY

a+pf)= sinacos B+ cosasin

gsoxours

cos(a + B) = coscrcos B —sinasin B -

cosacosf

cosasinf

- gursours

sin(a - B) = sinorcos B — cosasin 8

gsoonsod

cos(a — B) =cosacos B +sinasin -
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ouey

'tah(a;ﬁ)e tana+tanf | -

guepouey

tanc—tanf
1+tanatanf

tan(afﬂ)=

i L T A

. A S
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Proofs wifhouf Words II |

2sin6

cosO

“The Dbublé-Anglé Formulas II

2¢056

25iﬁ9c§sé ~sin20

et
(Y

2cos0

\ 1+cos26

Ay
. . .
\
. \

. 2c0s20=1+cos26 |

~—Yihnan David Gau
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Tfigdnbﬁletry;.Cyalyculus',"&'Analytic Geometry g

" The Double-Angle Formulas Il -
(V1a the Laws of Slnes and Cosmes) i

sin20. 51n(7z/2 0) |

”—v;cudse
231n9 01 :

' sm29 25m0c039

(2sin9)2 =12 +1% ~2.1-1-cos20
0520 = 1+‘2sin2 7]

o +Sidliey H. Kung |
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The Sum-to-Product Identities T~~~

(cosaysina)

- ;Sidney H. Kung .
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| TheSum-toProduct ldentities T

- sina

.sinf

a-p .a>+vB‘

vc"éa+cosb =2cos oS ——
a%—ﬁ'_"

a—ﬁéin

sina +sin ff = 2cos 5

T '_;Yukio“Kobayashi g
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Proofs Without Words II

Thé ‘Differencev-to-Prod'uc‘t

Identities I .

(cospB,sinf)

\J

a-eﬁ
9=5"F -
T Y

a+f
T

" sing —-sinf=v=2sin

cos B —cosa = u=2sin

a-p d+b 

2 COS )

a-B . a+B
BSln B :

2 2

| 4—SkhmyELKhhg

Y
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The Difference?td-Product Identities IT

“sinf

e e g
cos ff —cosa = 2sin 7 sin

- sina—sinf = kZSina;.B‘coAs a;ﬁ

L — Yukio 'Kobayashi
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- Adding Like Sines

o
| =
: +
: a¥
| =
1 n
! L
a £
! <
o | Bsing.
Ry =+A%+B? +2ABcos¢, tanf=—-"t—
¢ J o cos? an( A+Bcosgp
Asihx+Bsin(x+¢)=R¢sin(x+0_) '
B v
A T S U
~ Asinx + Bcosx =V A2 + B2 sin(x +6)
—Rick Mabry

and Paul Deiermann -
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A Complex Approach to the Laws of Smes
and Cosmes ‘-

et ae P = (bcosa+acosp) +ifbsing ~asing)

@ b

sine . sinf

' creal=>bsma aamﬁ 0=>

2 —|c|2 (béosa+acosﬁ) (bsma asin §)?
=q +b2+2abcos(a+ﬂ)

=g +b242abcosy I

 _WilliamV. Grounds
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~Eisenstein’s Duphcatlon Formula . e
(G Elsenstem, Mathematische Werke, Chelsea, New York 1975 p 411) ' 1

2csc 20 = tanB +_cot0

,COtH% c'sc2-0‘—>4

P
Pl

[N
L)
. I S

20

csc29

. _LinTan
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A Familiar Limit for e

| ﬁm(l‘fe‘l);:e"l

O
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" A Common Limit e it

H.IR.V

S x>0 g

| —Alan H. Stein
-~ and Dennis McGavran
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The Derivative of the Inverse Sine -

- —Craig Johnson “
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Trigonorhetry, Calcuius; & Analytic Gedme&y B o 61

The Logarlthm of a Product AT N FER T

lnab 1na+1nb

\xy=1 | v x=by - A (xy=1 . x=by
v ——7 7,«79*\ |

: 2 %%M:;%_ %?&\&2’&%&\« v
1/q bg -~ bp - 11 b - - ab

v
\j

o
L

TN

m*%w 53 T
1 b . cab 1 b o ab

Area( ) Area( ) |

—Jeffrey Ely



An Integral of a Sum of Reciprocal Powers

i
1
i

S
gm,\e: um c
1

»’*;' ’*\:’ %Ex»z&:g .

H»Jv;f’ .
L eEzy\,

.
e

»%‘g‘

mx!

5

. —Peter R. NeWbury
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| 'T.heArctang'en_*t Integralz : R

T ‘arctanx,:J' _2dt
T 01

L

.
2
{0 Area(LIABEF) = Area(AORS) = 2T

1 o1
.'.—arctanx=j —dt
2 02(1+¢t%) -

B ’;Aage B‘o"n’d‘es‘en'
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* The Method of Last Resort
~ (Weierstrass Substitution)

0‘. cosO' |

. —Paul Dejermann
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The Trapezbidal Rule

(for Increasing Functions)

y=f@)

. f(xn) .

f(xp)

n-l

ff(x)dx 2 f(x,)——- ¥ —[f(xn) - f(xO)].’ZLr;i.‘ B

—]Jestis Urias
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: f»«,* Proofs wifhout ‘Words H

Construction of a Hyperbola

L

.

S —FErnest ] Ecke‘r‘t' ’j

PP N P e T P I Y S Y RN ————— _-...;_.:_ _.J
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The Focus and Directrix of an Ellipse o

—Michel Bataille







o The Arlthmetlc Mean-Geometrlc Mean Inequahty IV

The Arithmetic Mean—Geometrlc Mean Inequality VI

- The Ar1thmet1c—Geometrlc—Harmomc Mean Inequality

| The Ar1thmet1c—Logar1thnuc—Geometr1c Mean Inequahty

Ineqnaliti‘e‘s‘-

The Arlthmetlc Mean—Geometrlc Mean Inequahty \'A

; The Arlthmetlc Mean—Geometrlc Mean Inequahty for

Three Posmve Numbers

The Mean of the Squares Exceeds the Square of the Mean

The Chebyshev Inequality for Positive Monotone Sequences

]ordan s Inequahty

Young s Inequahty

71
73

74
75
76

77

78
79
80
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The Arithmetic 'Mean—Geomefric Mean -
Inequality IV~ e
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The Ar1thmet1c Mean—Geometnc Mean
Inequahty \'A = -

| 'd{c=>x+y>2@ﬁ- o d=c=0sx+y=2xy

o ‘-V-L-Sidney H. Kung




'» VInequalitieVSu R I R T Y

'.G;M+%

~ The Ar1thmet1c Mean—Geometnc Mean | P
o 'Inequahty VI S Sy

| ﬂl_tbt

Y (1 t)lna+t1nb ~'1nb?;-‘
| ;‘j”‘".’f,"'f;O<a_<‘b,0<t<1=>(1—‘t)d4-tb>‘a1—tbt",‘ .

SN R
2 2

—’I\/Iiéhael,K. Broéirisky



74 . R B o | 'Probfs without Words I1

The Arithmetic Mean-Geometric Mean
Inequality for Three Positive Numbers

LEMMA: ab+bc+ac< a2 + b2 +c?

a2

b2
c2

THEOREM: 3abc <a° +b3 +¢3 '

a b c a

bc»

ac

Y

ab

c2 b :

0555000 o5
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‘“Inéqualities‘_ Sic s e e g

| The Arlthmetlc—Geometnc—Harmomc Mean I
»Inequahty 5 - ;-

|    _ a, b>0=>—>«/_> 2ab

2ab

" a+b R \
a+b’

m——z‘m «/—HM—

“ AM>GM>HM

—Papp:us,of' Alexandria (drcé AD.320)
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NgI—

—f qu ——/mz>v'u1"— quj 1 1
v—q qu—v  v-qv .

”u‘ul*,"lull< T
v—‘q q+v

(- q) <vUI qul SEREURE . ,y.v%m{v

> -

pup-— qu[ - |
)@/»gv T q+v<f_01,'<,v<q SO

B

R AJI[EHI)QIII
uesN. am,auxoag—armqme%oq—auauxqmv oYL

II'SPIOM IOYHM §JOOIJ . s 9
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Inequalities

‘The Mean of the Squares Exceeds =
~the Square of the Mean e SR

77

. n « n
1yx?2 %in
&

ANy

2

ol e et )2 (el gl ) 2 by b2

. x% +x% +~--+x,21 >(x1 + Xy +'v--.-i’-xn)2v
n ‘ T n '

—RBN
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The Chebyshev Inequahty for Posmve
| Monotone Sequences S

szZ% <”2xzy

i=1 1—1 ‘ ~

o[

i X <Xj &: y,<y]=>x,y]+x]yl<x,y,+xy]

(xl + xz toet xn)(yl + yz teet }/n) < n(xﬂ/l +XoYp oot xnyn)

- —RBN
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Inequalities -~ - - . . R 79

Jordan’s Inequality

OB OM+MP>OA=> PBQ>PAQ>PQ

=> msinx > 2x > 2 2smx

2
: =>—Ss1nx$x

o %Feng Yuefeng
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Young’s Inequality | |
(W. H. Young, “On classes of summable functions and their Fourier
series,” Proc. Royal Soc. (A), 87 (1912) 225‘—.‘229)‘ v '

THEOREM: Let (pan:‘d' t//'b’e two functions, continuous, vanishing
at the origin, strictly increasing, and _inverse to each other.
Then for a, b > O we have ‘

abs j () + f w(y)dy

with equalzty zf and only zf b= qo(a)

PROOF:

b>ela) . b<gl)
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) Trlangular Numbers Mod 3

‘Alternatlng Sums of Trlangular Numbers

“Integle_r Sums

Pythagorean Runs
Sums of Cuﬁbﬁes VII
Sums of Iﬁtegers as Sums of Cubes
The Square of Any Odd Number is the Difference

. Between Two Triangular Numbers

- Sums of Triangular Numbers IV: Countmg Cannonballs

The Sum of the Squares of Consecutlve Triangular
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84
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86
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88
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91

92
93
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95
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82 SR  Proofs without Words T

............................................................. 103
Sums of Octagonal Numbers ..................................................................... 104 "
| Sums of Products of_vCovn_s'ecuktive Integers 1105 i
Sums of Products of ConseéuﬁVe IntegersIl | .. . 106
B Fibonacci Identltles ........ TR L 107

...............................................................................

" Sums of Powers of Three

108



- 83

B N )

o+ —
&
Q9
Q990
Q999

.~ 1= 1~ ]~ ]
, Q99999

| Integer Sum‘sf{wf," S
Sums of Integers III o

- 000000
- 0000
Q00009
0090009
0009099

(n2+n) R

1+2+_,__+-ﬁ,

—S. ].' Farlow
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Sums of Consecutive Positive Integers

Every integer N > 1, not a power éf two, can be expressed as
the sum of two or more consecutive positive integers.

N=2"(2k+1) (n=0,k2 1)
m= mjn{2"+1,2k + 1},'

- M= max{Z""'1 2k+1}
2N= - mM. :

—f M -
N=(M m+1) (M—m+1 1) (M+m. 1)
2 2 2
REFERENCES

1. P. Ross, Problem 1358, Mathematzcs Magazine 63 (1990), 350
2. ]. V. Wales, Jr., Solut1on to Problem 1358 Mathematzcs Magazzne 64
(1991), 351. | : :

s —C. L. Frehzeh

PGP G T S - PUBEY Sy P VPGP SN W PR .
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Integer Sums -~ R 85

J e, dbadn. _Adhand SRR A A A A AL A A e e

Consecutive Stms of Consecutive Integers II

T =142+-+k=

4+5+6=7+8 [

9+10+11+12 13+14+15
=7T;

16+17+18+19+20 21+22+23+24
; —9H ,

| ﬁ?+(n2+1)+ﬁ +(n +n) 01-¥n+1)+ +(n +2n)t
‘ = (2n + 1)T ' |
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| Sums of Squares VI R L U R |

242242 = él-nz\-n o+ 4.

| %n(n +1)(2n + 1).

LA Sakmar
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~ Integer Sums . .

Sums of Squares VII

n(n+1)2n +1)
——

i
',‘t‘:rzkz.

5 "6211c2=n.(n+-1)(2n' 1)

-—NannyWerinuth .
- .and Hans-Jiirgen Schuh

DY U Y VI Y .
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Sums of Squareé .VIII |

1 o n+D)En +1)

k2,—1+3+ +(2k 1)=>2

k=1

3(12+22+ +n) (2n+1)(1+2+--¢+n)‘ff;‘!  '
2 _ 2n+1 n(n+1)
32

ﬂ+f+ +n
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gr A0 A A

Integer Sums . S T 89

i . b A A e oA A S

Sums c’)yf’Squares IX (via Centro_ids) S

.

1-1+2-24+n-n
1+2+-+n

y=1+§(n—1)=

A 12 + 22‘_,5.'. 4 n? =,@ . -;—(211 +§1):>= %n(n +)(@2n+1) -

—Sidney H. Kungv.
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90

Sums of Odd Sqliares ”

n(in ~D@2n+1)

12 +32 +---+(2n—1)2

[1+2+--"-+u(’2‘n.—1)]><(2»n}+1) (-

)1t _ o 1)2n +1)

3x [12 1324 -'--'+"(2n;'— 152]

(2n-1)(2n

2

_RBN
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ms o

Sums .ovf Su

. Ihteger Sums

£ Squ,avres

s2eer

] 7 k
IR 77 0
&wx\\k N

--r-=-r--r--
A
[
-=r--r--r--
N

M T T T T Y Ty Y S Y

iy

)2 o422 i 42

T T

Y Y

'—C. G. Wastun
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Pythagorean Runs
| 32 +4%=5°
10% +112 +122 _132 +142, i
212 4292 4232 + 242 = 252 + 262 + 272
T, =142+ +n= (4T, —n)% 4+ (4T,)? =(4T,, +1)% +---+ (4T, +n)?

egn3

4T3 = 4(1+2+3)

2 |+ =} 26

I = iz

—Miéhael Boardman
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+
E
,

'Sums of Cu'b.es‘:VI,I‘,v i  _fr R

) . o

Integer Sums B g

E 345 7+9+11
]
PP 214345442 0D "»(n;l) |
| | o - —Alfinio Flores
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Proofs without Words. IT

Sums of Integers as Sums of Cubes

=1+8 .

243+4:

5+6+7+8+9

 10411+412+13+14+15+16

=8+ 27

27+64

P+(n+1)®

RN+ 42 (14 1)

_RBN
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Integer Sums

~ The Square of Any Odd Nuinber isthe. -~
- Difference Between Two Triangular Numbers

T3n-}-‘1’_'ant_=‘ : ’

= Tk => (211‘ +1)2 =

1+2+---+k

—— [ +ug

0000000000000
000000009090
00000900099
Q0
Q000
000
200009
Q000
*ﬂﬁwoﬁﬂooa 0888
900909999 P88
.«Qﬁﬂﬁﬁcﬁﬁo 9
900009909 &
| ~9999909909; -
1099909999 -
1 000000000 ;
 «000@@00@@
- 1000009000!
[+ Ul —

 —RBN
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Tr1angular Numbers Mod 3

_lnmd3 n=s 1nmd3

t —1+2+ +n=>
" t, —0nmd3 n$1nmd3

‘O'
©0 000 .
. 000000
'ZSIOO“O
0000 0O O O
00000000
0000000 COO

e =14 3(tope — k1)

®

o0
o0 0
ee@e®O0 O
0000 © O
cOe000O0 = 000
0000000 0000
00000000 ©0 000
©00000000 000000
: . P@®® 000
"3k =3(w-n) 00000000

©00000000
©00000000O0
00000000000

13f+2 = 3(tak+1~ %)

1
4
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- Sums of".Triangulai‘iNumb'ers v:
Counting Cannonballs |

T =142++k= Y T, =Y k(n—k+1)
| k=1 k=1 ‘ -

%D_eanna B. Haunsperger
~ and Stephen F. Kennedy - -
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" Proofs without Words I - =

| Altern‘ating. Suins of:Triangular’ NUmber’s

=n?

: ' 2n-1 '
T =1+42+-+k= Y (DT =
| S

- 3
0

. Q09
Q000
Q0009

o+

09V

0909

Q09

L~ )

a8

09

—RBN
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V'T12+T22.=T4‘ :

Integer Sums

The Sum of the Squares of Consecutive

- Triangular Numbers is Triangular |

Ty =1424-4no T2 +T2 = Tr’zz‘ |

99

TZ +T2 =Tos

 NOTE: : H=
~ This is a companion result to the more familiar Ty_3 + Ty =n2: [

—RBN
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100

Recursion for Triangular Numbers =

Hn‘+2

=142+ +k=T,

Ty

—T,

: (n-l;2)-'T,; ‘

Z-Tri'+n'Tn

n+2
-n

- W T TR . B T e T N - Y

L

n Ty =(+2)- T, 5 Ty
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~Integer'; Sums. _— IR o L :101

‘ Id_entitie's’ for Triangulaf Numbers’ I

T, =1+2++n=




102 . Proofs without Words II

Identities for Triangular Numbers II. -~ .

=
’ . b i .
—
.
. EER B
: . . Ll }
. . By .
' [
- b
. o
; i
&
. . . L
. 4
, oty e .
Wpwaneagnap e - ) [
. i b T e E .
i o N | k -
e
FInE (B o - . . . 3
B S ;
- bl , L

o R |
b , S

. et sy : p
B8 1 o .

S Eoe
T TR

b e g
P L B

s
& £

SENEE N .~ —James O. Chilaka |
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Identities for Pentagonal Numbers.

Pk-1+4+7+ +(3n 2)
T—1+2+3+ +n =

. O RERER

P, = T2n—1 - Ti;—l' -

00000000000
0000000000
000000000
00000000
| ©® 000
00000
eo@O0O0
" 000®
- e00O®
~
|

B, =§7§n—1 :
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104

Sums of Octagonal Numbers

L eee
- eee

e0o
o ©
00 00
.0 O
00 00

oJ{oa N N
0000

loocle e e

Ty =142+-+k=> O = k2 +4Ty

3 :

n
=|

| =

' |

N

N.

Hl

]

Ll

- nn+1) - -
Y0 =1+8+21+ 40+ + (n? +4T, -‘1)=An("+1)2(.2n . D

k=1

—-']a'mes\ O. Chilaka

e o
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Integér’Sums' g RN N , | ' (s ES 105-

'Sums of Products of Consecutive Integers I

Zk(k D= n(n+1)(n+2)
kl ‘

n(n + 1)(n + 2)
2

1- 2+2 3+---+n(n+1)+(T1+T2 +---+T )

T1_+T2"+--.+T,,=-;-(1_~2+2-3+~-v~+n(n+1)),

n(n + 1)(n + 2)
2

3(1 2+2 3+---+n(n+1))

R - —James O Chilaka
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Sums of ,Products of Consecutive Integer's I

n(n + 1)(n + 2)(n + 3)

Zk(k+1)(k 2);.
kl L SRR

142400tk

kar (k;z)’“L;Qg k(e +1)(k+2)

1 2 3 -4 5 n4+2

\ : : :

=k

El

=

Y -
- (n2)(n+3) __ ' -

2

1-2-3+2.-‘3-4+---+n(n+1).(n+2)’
_n(n+1) o (n+2)(n+3) n(n+1)(n+2)(n+3)

—Jamés O. Chilaka
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teger Sum
S

, :
ouss eau

o EORSS
. ?z/x/(f "
L ?zzzxxz/zzf -
. : (zzzz///zz/zz/zf
. (zz/zzzzzzzzzzzzzzez X
N (z/izzzzzxxzxzzzzzzzzzzz1 -
A - ?z/zzzzzxxzzzzxxzzzz/zzzzzz( -
. LR (zzzzzzzzzxzz //zz/xzx/zzx/zzzu
- Bt (ﬁ.//z/zz/zz/ z/zzzzz/zzz
- S B v (/z/.(z/x/zzz/ zzzzzzxz»
: B : S (if/x&z o (fz//.(z//zzf //zz)
. S L ?z///zzzzf v .?//zzzz///zz
o - : ?//x/zz/zzxxzf - /zzzzzzezzzz
. g . : : ?z/zzzzf///zzz)zz.. s ixzzzfz a Lo
: . ?/z/z.?/z/zziz Y, .
- : ?zzzzzzzz/.?/zz 4 v (] | . :
?xzzzz//z/z/ AN X = PR R
= (xxxxxx, S _ o
- "] o
F ?zzzz/z////z/dz A 5 . v.,.f/fzz/zzz/f —
% ?/zzzz//x/zzzzzz/n Y i AN z///zz/z)
. . B ?/zz////.../z/zzzzz N A 3 z(?»? A
?/z/zzz/z/zzzzzz/f > NN
. ?zz//z/z.,./zzzzzzzzzf.. % § . i vzzz/z
: o T ?/z///z//xzz//zz////////« 0 . A
- ?zzzzz/z//zzz//zzz/z//zz///&e . RO z//z/z
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A Geometric Series

Divergence of a Series

Gallleo s Ratlos
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(AB)T BTAT Where A and Ba are Matrlces

...................................................................................






; ~ Infinite Series, Linear ’Algebra, & Other Topics ST

I A Geometric Series -

et il

R




112

An Alternating Series

-+ Proofs without Words II

A1

A2

1t 1.1 1.1 1. _1
_—._+____...+__._—-— e = —
2 4 8 16 32 64 - 3
| - 7‘-51_1,’_‘[_.{_3]
N R R T [N
1 110 e y
2 2 4 _];__l <
S ' el 4 8 ,
Az | e (LECELTEEREECICEES
| | R R O | *
¥ 11 8
| 2 2 4 RN
b1 1 16 =@ ]
— T I 1
2 4 8
A =l_l+l_-l+i.‘_“i+..;‘
1727478 16 32 64
Al?A25A3, |
A1+A2A'_I'A3=1,'
..Al——g. 1
—TJames O. Chilaka .
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Ihfiﬁité Séries,' Linear Algebra, & Otﬁer Topiés
‘A Generalized Geometric Series

?Xﬁ@.ﬁ
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—John Mason

R | —
I |ee
.o 2 ;
B . ' —t
+ . I e — 2
— ) e BB AN Nll / 9
| — .k_l. TNNNHNNNH!HH SN s AN e
5 A zzuu/x RN
-] : RN SN — )
: : | o
w2 o
[
| —
-
[

Let {kq,ky,k3, -} be aASeque_nce of integers,' each of which is at

least 2. Then
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Divergence of a Series

k>1=

| n>1=>2—>«/_

"

k-1

o ;;‘S‘kidney H. Kung k
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= Galileo’s Ratios -

L ‘ 1="1i+\3=,1+3+5 L . '1+3+5+...‘+‘(2n‘_1)‘
‘ 3 5+7 7+9+11 @2n+1)+(2n+3)+--+(2n+2n-1)

—Alfinio Flores | |
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Prodfé without Words II

Sums of Harmonic Sums

nf—l ’
= ZHk =nH, —n
k=1 : o

1

0

—d =t —

=1+1

Hy,

k

- |on
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- en
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n-1.-
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| ‘(AB)T = BTAT, Wheré A and B are -Ma’tricesf‘_ -
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" The Dlstrlbutlve Property of the -
 Triple Scalar Product |

- _z.(exﬁ)+3.(cxﬁ).-.(;4+§).(cxf>)'

—Constance C. Edwards
and Prashant S. Sansgiry
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L det(d,b,c) =
N A Rl
G det(;,b,c)

kY

 za+yb+ze=d=>det(d,b,c)=det(xa,b,c) = xdet(a,b,c)

©  —The Mathematics Initiative, E
Education Development Center -~
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Parametric Representatlon of Primitive
| Pythagorean Tr1ples |

—bceZ+, (a,b) 1

ctb_n

a m . n
¢ m*+m® b nt-m?
=>""'= 7 = ’

=n #m (mod2)

(a b c) (2mn n2—m2,n2+m )

—Ra}?mond A. Beauregard

and E. R. Suryanarayan
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Self—Complementary Graphs

A graph is si‘mple'irf« it contains no loops or multiple edges. A

- simple graph G = (V,E) is self-complementary if G is isomor-

phic to its complement G = (V,E), where E = {{v,w}: v,weV, v #
- w, and {v,w}¢ E}. It is a standard exercise to show that if G is a

. self-complementary simple graph with n vertices, then n=0
(mod 4) or n. =1 (mod 4). A converse also holds, as we now

- show.

THE'OREM:»If n 'yis}a’ posiiive inf_egér and either n = 0 (im,'od Horn
- =1 (mod 4), then there exists a self-complementary simple

~ graph G,, with n vertices.

PROOF:

—Stephan C. 'Carls‘on, o
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A tromino i isa plane f1gure composed of three squares C

L

. . _Adi. i R A IR S A

: Infinite Series; Linear:Algebra, & Other Topki‘c“s . 103

Tiling with Tro_minoes

T'THEOREM If nisa power of two, then an’n X n checkerboard -
" with any one square removed can be tiled using trominoes.

| | PROOF (by induction):

L

‘—'.-_—Solomon W. Golomb |

NOTE: Except when n = 5, an n x 1 checkerboard with any one square
removed can be tiled with trominoes if and only if n % 0 (mod 3). See

~I-Ping Chu and R1chard Johnsonbaugh, “Tiling def1c1ent boards w1th o
"",tromlnoes,” Mathematzcs Magazme 59 (1986) 34—40 gar o







Sources

page B _ source

' Geometry & Algebra o

3 'http / / tug org/ apphcatlons/ PSTrlcks/ Tlllngs S

4  Mathematics Magazine, vol. 71, no. 3 (June 1998), p . 170.

5 . Howard Eves, Great Moments in Mathematics (Before 1650),
The Mathematical Association of America, Washington, 1980
pp-29-31. =

6 Reprinted with, perrmssmn from Ehsha Scott Loomis, The

- Pythagorean Proposition, p. 112, copyright 1968 by the National
Council of Teachers of Mathematics. All rights reserved..

7  College. Mathematics' Journal, vol. 27, no. 5 (Nov. 1996), p. 409

8  Mathematics Magazine, vol. 72, no. 5 (Dec.. 1999), p. 407.-

9 - Mathematics Magazine, vol. 71, no. 1 (Feb. 1998), p. 64. :

0  Mathematics Magazine, vol. 70, no. 5 (Dec 1997), p 380; vol. 71,

- no. 3 (June 1998), p. 224. ‘ . J

11  Mathematics Magazine, vol. 71, no. 4 (Oct 1998), . 314.

- 12 http://www.cms.math.ca/ CMS/ Competltlons/ OMC / examt/

. english69.html
13 1. Mathematics Magazme ‘vol. 71, no. 3 (]une 1998), p. 196
-~ -II. Ross Honsberger, Mathematical Morsels, The Mathematlcal \
Association of America, Washington, 1978, pp- 27-28.

14  Mathematics Magazine, vol. 72, no. 4 (Oct 1999), p. 317..

15 Written communication.

16 - Mathematics Magazme, vol. 72, no. 2 (April 1999), p. 142.

17 Reprinted with permission from The Mathematics Teacher [vol.

- 85, no. 2 (Feb. 1992), front cover; vol. 86, no 3 (March 1993), p

192], copyright 1992, 1993 by the Nat10na1 Councﬂ of Teachers of

-~ Mathematics. All rights reserved. = - :

18  American Mathematzcal Monthly, vol. 93, no. 7 (Aug -Sept
~ 1986),p.572.

19  College Mathematics Journal, vol. 28, no. 3 (May 1997), p- 171.

20 Mathematics and Computer Educatzon, vol. 33, no. 3 (Fall 1999),

' p. 282. '

22 Ross Honsberger, Mathematical Morsels, The Mathematlcal

" Association of America, Washington, 1978, pp.'204-205. :

24 - American Mathematzcal Monthly, vol 86 no. 9 (Nov. 1979), PP

752,755.


http://tug.org/applications/PSTricks/Tilings
http://www.cms.math.ca/CMS/Competitions/OMC/examt/

126

Proofs without Words II

page

source

Geometry & Algebra (continued)

25

27
28
29

30.

31
32
33

34

American Mathematzcal Monthly, vol. 71 no. 6. (]une-]uly 1964),-

- pp- 636-637.

Ross Honsberger, Mathematzcal Gems III The Mathemat1ca1
Association of America, Washington, 1985, p. 31.'

Mathematics Magazine, vol. 67, no. 4 (Oct. 1994), . 267.

College Mathematics Journal, vol. 25, no. 3 (May 1994); p- 211.
Ross Honsberger, Mathematical Morsels, The Mathematical
Association of America, Washington, 1978, pp. 126-127.
American Mathematzcal Monthly, vol 106 no. 9 (Nov 1999), pp
844-846.' '
Mathematzcs Magazme, vol 71, no. 2 (Apr11 1998), p- 141
Mathematics Magazine, vol. 71, no. 5 (Dec. 1998), p. 377.

College Mathematics Journal, vol. 27, no. 1 (Jan. 1996), p. 32.

_College Muthematzcs ]ournal vol 26, no. 2 (March 1995), p- 131

Tngonometry, Calculus & Analytlc Geometry

39
40

41
42

43
44

45

46

48

49
50
51
52
53
54
55

56
58

,Mathemutzcs Magazzne vol 66 no. 2 (Apr11 1993) p 135

Written communication. FEE
College Mathematics Journal, vol. 26, no. 2 (March 1995) p 145.
http://www.maa.org/pubs/mm supplements/ srmley/

trigproofs.html

Mathematics Magazzrie, vol. 72 no. 5 (Dec 1999), . 366. .
College Mathematics Journal, vol. 30, no. 3 (May 1999), p.. 212,

- Mathematics Magazine, vol. 72, no. 4 (Oct. 1999), p. 276.
" College Mathematics Iournal ‘vol. 30, no. 5 (Nov. 1999), p 433;

vol. 31, no. 2 (March 2000). pp. 145-146. - .
Mathematics Magazine, vol. 71, no. 5 (Dec. 1998), 385
College. Mathematics Journal, vol. 27, no. 2 (March 1996) p 155.

" Mathematics Magazine, vol. 69, no. 4 (Oct 1996), p. 269. . -
College Mathematics Journal, vol. 29, no. 2 (March 1998), p. 157..

Mathematics Magazme vol. 69, no. 4 (Oct. 1996), p. 278. . . :
College Mathematics Journal, vol. 29, no. 2 (March 1998), p- 133.
Mathematics Magazine, vol. 71, no. 2 (April 1998), p. 130.
College Mathematics Journal, vol. 27, no. 2 (March 1996), p 108.
Mathematzcs Magazme, vol. 71, no. 3 (Iune 1998), p. 207. .
College Mathematzcs ]ournal vol 29, no. 2 (March 1998) p 147.


http://www.maa.org/pubs/mm_supplements/smiley/

M A e

i . 20 . L S D A A

s

Sources - i oo | T 107

page

© source -

Tngonometry, Calculus & Analytlc Geometry (contmued)

59
60
6l

62

| College Mathematzcs Journal, vol. 28, no. 3 (May 1997), p 186

College Mathematics Journal, vol. 29, no. 4 (Sept. 1998), p. 313."

- College Mathematzcs Journal, vol. 27, no. 4 (Sept. 1996), p. 304. .

http:/ /www.iam.ubc.ca/ ~newbury/ proofwowords /
proofwowords.html |

63 Written communication.
64 - College Mathematics Journal, vol. 29, no. 1 (Jan 1998), p
65  Mathematics Magazine, vol. 68, no. 3 (June 1995), p. 192
66 Mathematics Maguazine, vol.66, no. 2 (April 1993), p. 113 |
67 ,‘College Mathematzcs Iournal vol. 30 no. 3 (May 1999), p 212
Inequalltles
-7 V‘Mathematzcs and Computer Educatzon vol 31 no.. 2 (Sprmg
-1997), p. 191.
72 - College Mathematics ]ournal vol 26 no. 1 (Jan. 1995), .
73 College Mathematics Journal, vol. 25, no. 2 (March 1994), p 98.
74  Mathematics Magazine, vol. 73, no. 2 (April 2000), p. 97.° -
75  American Mathematzcal Monthly, vol. 88, no. 3 (March 1981),
" 192. '
76 Mathematics. Magazme, vol. 68, no. 4 (Oct. 1995), 305
77 . College Mathematics Journal, vol. 26 no. 5 (Nov 1995), p 367
~ vol. 27, no. 2 (March 199), p. 148. = .
78 College Mathematics Journal, vol. 25, no. 3 (May 1994), 192
- 79  Mathematics Magazine, vol. 69, no. 2 (April 1996), p. 126
80 Mathematzcs Magazme vol. 37, no. 1 (Jan.-Feb. 1964), pp 2-12.

Integer Sums A o o N

- 83
84

86
87
89

- 90

91
92

College Mathematzcs ]ournal vol. 26, no. 3 (May 1995), p 190.

Mathematics. Magazme, vol. 70, no. 4 (Oct. 1997), p. 294.

Mathematics Magazine, vol. 70, no. 3 (June 1997), p- 212,

* Student, vol. 3, no. 1 (March 1999), p. 43.

College Mathematics Journal, vol. 25, no. 2 (March 1994), 111
College Mathematics Journal, vol. 25, no. 3 (May 1994), p- 246

- Written communication.

Mathematics Magazine, vol. 73, no. 1 (Feb. 2000) p- 59.


http://www.iam.ubc.ca/~newbury/proofvvowords/

128 o | o B k Prdofé without Words}II

page ' . source

. Integer Sums (continued) R

93 College Mathematzcs Iournal vol 29 no. 1 (Jan 1998) p 61
94 Mathematics Magazine, vol. 71, no. 1 (Feb. 1998), p. 65. -
95  College Mathematics Journal, vol 27, no. 2 (March 1996) p 118,
97  Mathematics Magazine, vol. 70, no. 1 (Feb. 1997), p. 46. "
98  Mathematics Magazine, vol. 68, no. 4 (Oct. 1995), p. 284
99  Mathematics Magazine, vol. 70, no. 2 (April 1997), p 130
101 . College Mathematics Journal, vol. 28, no. 3 (May 1997), p. 197.
102  Mathematics Magazine, vol. 69, no. 2 (April 1996), p-127.
104  Mathematics and Computer Educatzon, vol 33, no. 1 (Wmter
0 1999),p.62.
105  Mathematics Magazine, vol. 67, no. 5 (Dec 1994), p. 365
106  Mathematics Magazine, vol. 69, no. 1 (Feb. 1996), p. 63.
107 = M. Bicknell & V. E. Hoggatt, Jr. (eds.), A Primer for the Fibonacci
~ “Numbers, The Fibonacci Association, San Jose, 1972, pp. 152-156.
108  Mathematics and Computer Educatzon, vol 31 no. 2. (Sprmg .
1997),p 190 :

Inflmte Senes, Llnear A]gebra, and Other TOplCS .

111 Mathematics Magazme vol 72 no. 1 (Feb. 1999)
112 Mathematics Magazine, vol. 69, no. 5 (Dec. 1996), pp 355 356.
113 College Mathematics Journal, vol.-26, no. 5 (Nov. 1995), p. 381.
114  College Mathematics Journal, vol. 26, no. 4 (Sept. 1995), p. 301.
115. * College Mathematics Journal, vol. 29, no. 4 (Sept. 1998), p. 300."
117  College Mathematics Journal, vol. 26, no. 3 (May 1995), p. 250.
118 . Mathematics Magazine, vol. 70, no. 2 (April 1997), p. 136.. 5
119  College Mathematics Journal, vol. 28, no. 2 (March 1997) p.-118.
120  Mathematics Magazine, vol. 69, no. 3 (June 1996), p. 189.
- 121" Written communication.

122 ~ Mathematics Magazine, vol. 73, no. 1 (Feb. 2000), p
123 American Mathematical Monthly, vol 61 no. 10 (Dec 1954), pp :

675-682. '



ST

L A A

R e

Index of Names

» ~ Alsina, Claudi 74 ,
- Annairizi of Arabia .3
~ Ayoub, Ayoub B.. . 71 -

Batallie, Michel 67

Beauregard, RaymondA " 120 o

Bhaskara 23

'Boardman, Michael 92‘-

Bondesen, Aage 63
Bottcher,J.E.© 6 -

Brozinsky, Michael K. 73 ‘
-~ Kiirschédk, J. 26

Brousseau, Alfred 107 - ,
Brueningsen, Christopher . 39
Burk, Frank 7 8 _

Carlson, Stephan C. 122
Carter, Larry 27
Chebyshev, P.L.. 78

12
Cramer,G. 119

Deiermann Paulé 54,64

' Eckert, Ernest] 66

Edwards, Constance C. 118 :
Eisenstein,G. 56 =~ =
Ely, ]effrey 61* ‘

Farlow, S] 83 |

“Flores, Alfinio - 19, 93 115

Frenzen, C.L. 84

Galileo Galilei 115 =
Gau, Yihnan David 48
Goldberg, Don 121

~Golomb, Solomon W. 123

Grounds, William V. 55
Haunsperger, Deanna B. 97
Hippocrates of Chios 10
Hu,R.S. 28

VHungérbﬁhler No"rbert" 16 -
' Johnson, Craig 60 g

Johnston, Wllham 17

']ordan C.. 7 B

' Kennedy, Joe 17

Kennedy, Stephen F." 97"
Kobayashi, Yukio = 51,53

Kung, Sidney J. 33, 41,49, 50,52,

72,89,114

Leonardo da Vinci . 5
Lin, Grace 14
LiuHui 4,13

. Mabry,Rick 54,111
Chilaka, ]amesO 102, 104- 106,‘] ‘

Mallinson, Philip R.. 31, 32 B

- Margerum, Eugene A. 10

Mason, John 113

- McDonnell, Michael M. ’1‘0 ’
.McGavran, Dennis. 58 -

' Nataro,DeanC. 20

Newbury, Peter R. 62

Pappus of Alexandria 75

~ 'Park, Poo-sung - 8

Pinter, Klara . 11"
Priebe, Volker = .40

’ ’a ‘Putnam, W1111am Lowell 2‘4}25,‘ ‘

30

y Pythagoras 3-9, 120
‘Ramos, Edgar A. 40

Ren, Guanshen 44,59 |

Sakmar, I. A. 86 s
Sansgiry, Prashant S. 118
Schuh, Hans-Jiirgen - 87



130

. Proofs without Words II

' Ramos, Edgar A. 40

Ren, Guanshen 44, 59 o

A Sakmér, LA 86

SansgirYI Prashant S. 118 .

Schuth, Hans-Jiirgen = 87

Sher, David B. 20,108
Simmonds, James G. 117

Skurnick, Ronald 20

Smiley, Leonard M. ~ 42,43 .

Snover, Steven L. 15 .
Stein, AlanH.. 58 ..

Suryanarayan, E.R. 120 |

- Suzuki, Fukuzo 45

‘Tan, Lin - 56

Urifas, Jestis. 65

* vande Craats, Jan 18

' Young, W.H. 80

Yuefeng, Feng 79

Wagon, Stan -~ 27 .
Wastun, C.G. 91 - -
Weierstrass, K. - 64
Wermuth, Nanny =~ 87
Wise, DavidS.. 9

. Technical Note

" The manuscript for this book was edited and printed
using Microsoft® Word 6.0.1 on an Apple® Macin-
- tosh™ Power PC computer. The graphics were pro- -
* duced in ClarisDraw™ 1.0v4. The text is set in the
Palatino font, with special characters in the Symbol
font. Displayed : equations were produced with .
Microsoft® Equation Editor v2.01. The manuscript
was printed on a Hewlett Packard® LaserJet 4MV.



