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Introduction

see (se) u., saw, seen, seeing, —v.t.
•  •  •

5. to perceive (things), mentally; discern; 
understand: to see the point of an argument.

— THE RANDOM HOUSE DICTIONARY 
OF THE ENGLISH LANGUAGE (2nd ED.) 
UNABRIDGED.

"Proofs without words" (PWWs) have become regular features in 
the journals published by the Mathematical Association of America — 
notably Mathematics Magazine and The College Mathematics Journal. 
PWWs began to appear in Mathematics Magazine about 1975, and, in 
an editors' note in the January 1976 issue of the Magazine, ]. Arthur 
Seebach and Lynn Arthur Steen encouraged further contributions of 
PWWs to the Magazine. Although originally solicited for "use as end- 
of-article fillers," the editors went on to ask'"What could be better for 
this purpose than a pleasing illustration that made an important m ath-, 
ematical point?"

A few years earlier Martin Gardner, in his popular "Mathematical 
Games" column in the October 1973 issue of the Scientific American, 
discussed PWWs as "look-see" diagrams. Gardner points out that "in 
many cases a dull proof can be supplemented by a geometric analogue 
so simple and beautiful that the truth of a theorem is almost seen at a 
glance." This dramatically illustrates the dictionary quote above: in 
English "to see" is often "to understand."

In the same vein, the editorial policy of The College Mathematics 
Journal throughout most of the 1980s stated that, in addition to exposi­
tory articles,"The Journal also invites other types of contributions, 
most notably: proo/s without words, mathematical poetry, quotes, ..." 
(their italics). But PWWs are not recent innovations — they have a 
long history. Indeed, in this volume you will find modern renditions 
of proofs without words from ancient China, classical Greece, and India 
of the twelfth century.



VI Proofs without Words

Of course, "proofs without words" are not really proofs. As 
Theodore Eisenberg and Tommy Dreyfus note in their paper "On the 
Reluctance to Visualize in Mathematics" [in Visualization in Teaching 
and Learning Mathematics, MAA Notes Number 19], some consider 
such visual arguments to be of little value, and "that there is one and 
only one way to communicate mathematics, and 'proofs without 
words' are not acceptable." But to counter this viewpoint, Eisenberg 
and Dreyfus go on to give us some quotes on the subject:

[Paul] Halmos, speaking of Solomon Lefschetz (editor of 
the Annals), stated: "He saw mathematics not as logic but 
as pictures." Speaking of what it takes to be a mathemati­
cian, he stated: "To be a scholar of mathematics you must 
be born with ... the ability to visualize" and most teachers 
try to develop this ability in their students. [George] 
Pdlya's "Draw a figure ..." is classic pedagogic advice, and 
Einstein and Poincare's views that we should use our vi­
sual intuitions are well known.

So, if "proofs without words" are not proofs, what are they? As 
you will see from this collection, this question does not have a simple, 
concise answer. But generally, PWWs are pictures or diagrams that 
help the observer see why a particular statement may be true, and also 
to see how one might begin to go about proving it true. In some an 
equation or two may appear in order to guide the observer in this pro­
cess. But the emphasis is clearly on providing visual clues to the ob­
server to stimulate mathematical thought.

I should note that this collection is not intended to be complete. It 
does not include all PWWs which have appeared in print, but is rather 
a sample representative of the genre. In addition, as readers of the As­
sociation's journals are well aware, new PWWs appear in print rather 
frequently, and I anticipate that this will continue. Perhaps some day a 
second volume of PWWs will appear!

I hope that,the readers of this collection will find enjoyment in dis­
covering or rediscovering some elegant visual demonstrations of cer­
tain mathematical ideas; that teachers will want to share many of them 
with their students; and that all will find stimulation and encourage­
ment to try to create new "proofs without words."
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Geometry & Algebra

The Pythagorean Theorem I

-adap ted  from  the Chou pei suan ching 
(author unknow n , circa B . c .  200?)
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The Pythagorean Theorem II

Behold!

-Bhaskara (12t^ century)
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The Pythagorean Theorem III

-based on  E uclid 's p roof
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The Pythagorean Theorem IV

-H. E. D udeney  (1917)
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The Pythagorean Theorem V

{a +b)

+ b

—Jam es A. G arfield  (1876) 
20th President of the United States
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The Pythagorean Theorem VI

c + a

•Michael H ard y
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A Pythagorean Theorem:

a-{x + y) = b-b' + c-c

— Enzo R. G entile
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The Rolling Circle Squares Itself

—T hom as E isner
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On Trisecting an Angle

R ufus Isaacs
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Trisection of an Angle in an Infinite Number
of Steps

1 = 1 _  1 1 _  J _  +
3 2 4 8 16

-Eric K incanon
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Trisection of a Line Segment

—Scott C oble
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The Vertex Angles of a Star Sum to 180 '

M+3

— F ouad N akh li
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Viviani's Theorem

The p e rp en d io ila rs  to  the sides from  a po in t on  the bo im dary  
or w ith in  an  equilateral triang le ad d  u p  to the heigh t

of the triangle.

—Sam uel W olf
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A Theorem About Right Triangles

The in te rna l bisector of the, rig h t angle of a righ t triangle 
bisects the square on  the hypotenuse.

■Roland H

i
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Area and the Projection Theorem 
of a Right Triangle

Sidney H . K ung
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If circle C | passes th ro u g h  the center O of circle C2, the length  

of the com m on chord  PQ is equal to the tangen t segm ent PR.

■—R oland H. E ddy
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Completing the Square

+ ax = (x + a/2)2 -  (a/2)2

, + — ■■'•■-I-

■

mm*.• % • 4

-Charles D. G allan t
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Algebraic Areas I

to + + (a -  b)2 = 2to2 + b2)

a - b  b

-Shirley W akin
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Algebraic Areas II

(a + b + c)2 + (a + b -  c)2 + ( a - b  + c)2 + ( a -  b -  c)2 
= (2a)2 + (2b)2 + (2c)2

•4-------a + b + c —------►

a + b -c

a - b  + c

a - b - c

2c

-Sam Pooley an d  K. A nn  D m d e
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Diophantus of Alexandria's "Sum of Squares 
Identity

(a2 + bz)(c2 + d2) = (ad + be)1 + (bd -  acY

a2 --------- M -

f
d2

2 2 
a  e b 2c2

12-a d b 2d2

==>

ac

bd

bd

ad

be

=t>

abed

be

ad abed {bd-*acf

iad-^hc)

{bd~aef

-RBN
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The icth n-gonal Num ber is 
T + ( f c - l ) ( n - l )  + |(fc -2 )(fc -  l)(n -2 )

—Dave Logothetti
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The Volume of a Frustum of a Square Pyramid
[Problem  14, The Moscow Papyrus, circa 1850 b .c .]

V(P]) = V(p2) = ^ 4 ^ •  I  (f)3 - a 3) = I (a2 + ab + b2)

REFERENCES
1. C  B. Boyer, A History of Mathematics, John Wiley & Sons, New 

York, 1968, pp. 20-22.
2. R. J. Gillings, Mathematics in the Time of the Pharaohs, The MIT 

Press, Cambridge, 1972, pp. 187-193.

— RBN
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The Volume of a Hemisphere via 
Cavalieri's Principle*

2jc(r -  h)

v s = Vp = = gju3

*Tzu Geng, son of the most celebrated mathematician Tzu Chung Chih 
in ancient China, was believed to be the first to develop the principle in 
the 5th century A. D.

—^Sidney H. Kung
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Sine of the Sum

sin  (x + y) = sin  x cos y + cos a: sin  y for x + y < n

c = a cos y + b cos x
r = 1/2 =»sinz = (c/2)/(l/2) = c, sinx = fl/ siny = b; 

sin {x + y) = sin (tu -  (x + y)) = sin z = sin x cos y + sin y cos x

—^Sidney H. Kung



30 Proofs without Words

Area and Difference Formulas

flsuu:

bcosy acosx

sin(x -  y) = sin a: cos y -  cos r  sin y

-  ix -  y) / 1 r : ' ' '

=  a / bcosy -f flsiru:

1 ' V  k x  r
acosx

cos(:f -  y) = cos x cos y + sin x sin  y

-Sidney H. Kung
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The Law of Cosines I

(bsind)

bcosB

(a -  bcosd)

(b sin Or + (fl -  b cos 6) 
a2 + b2 -  2ab cos 9

-Tim othy A. Sipka
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The Law of Cosines II

(2fl cos 6 -b )b  = ( a -  c){a + c) 

c2 = a 2 + b2 -  lab  cos 6

—Sidney H. Kung
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The Law Of Cosines III (via Ptolemy's Theorem)

a + 2 b  c o s i n -  6 )

b‘b + (a + 2b c o s (;r -  6)) a

labcosO= a1 + b

-Sidney H. Kung
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The Double-Angle Formulas

AACD ~ AABC

CD /  AC = BC /  AB AD /  AC = AC /  AB

sin20/2cos0 = 2sin0/2 (1 + cos20)/2cos0 = 2cos0/2
sin20 = 2sin0cos0 cos20 = 2cos20 -1

—RBN
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The Half-Angle Tangent Formulas

1 -  COS0

. i

f :|1' tan  2
0 s in 0

1 +  COS0

1 -  cosO 
sin9

— R. J. W alker
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Mollweide's Equation

{a -  b) cos ^  = c sin

-H. A rth u r DeKleine
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(tan0 + I)2 + (cot0 + I)2 = ( s e c O + c s c O y

tan20+ 1 = sec26 
cot20 + 1 = csc26

(tan0 +1)2 + (cote1 + 1)2 = (sec0 + csc6)2
t a n 0 + l \

( also tan0 =

—^William Rom aine
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The Substitution to Make a Rational Function of 
the Sine and Cosine

e
z = tan  2

2z 1 — 2^
smO= - o and  cos6= 2 1 + 1 + 2Z

—RBN
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Sums of Arctangents

1 1 n
arctan  2 + arctan  3 - 4

arctan  1 + arctan  2 + arctan  3 = n

-E dw ard  M. H arris
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The Distance Between a Point and a Line

(a, ma + c)

ma + c -b \

ma + c - b \

—R. L. E isenm an
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The M idpoint Rule is Better than the 
Trapezoidal Rule for Concave Functions

—F rank Burk
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Integration by Parts

j u d v  + j v d u

•Richard G ouran t
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The Graphs of /  and f  are Reflections about 
the Line y  = x

■Ayoub B. Ayoub
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The Reflection Property of the Parabola

QF = QD & m1-m2 = -1  => Z 1  = Z 2  = Z 3

-Ayoub B. Ayoub
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Area under an Arch of the Cycloid

+  2R2R +

2R + +  2R

■4-

1
2 TtRTR + ttR1 +

=> A = 3 k Rz

2 7tR-lR

— R ichard M. B eekm an
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Inequalities 49

The Arithmetic Mean—^Geometric Mean 
Inequality I

< a +  b

— C harles D. G allan t
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The Arithmetic Mean—Geometric Mean 
Inequality II

2 2
{a + b) -  (a -  b) = Aab

a + b >

-Doris S chattschneider
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The Arithmetic Mean—Geometric Mean
Inequality III

> ^jab, w ith  equality  if an d  only  if a = b

-Roland H. E ddy
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Two Extremum Problems

For a given product, the sum of two positive numbers 
is minimal when the numbers are equal.

✓

For a given sum, the product of two positive numbers 
is maximal when the numbers are equal.

-Paolo Montuchi and W arren Page
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The Harmonic Mean—Geometric Mean- 
Arithmetic Mean—Root Mean Square 
Inequality I

a - b

a + b

HM  < GM < AM < RM

la b  
a '+  b

a + b
< V(a2 + i’2)/2

-RBN
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The Harmonic M ean—Geometric Mean 
Arithmetic Mean—Root Mean Square 
Inequality II

BE 1 AB, DE = AD 

FE I  eD, FB II ED 

__ nr. h -a

-Sidney H. K ung
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The Harmonic Mean—Geometric Mean 
Arithmetic Mean—Root Mean Square 
Inequality III

a ,b > 0  => 'n/ (a2 + b2)/2  >
<— a —X b   ►

!
2 2 2 

2a + 2b > (a + b)

a + b 2ab
9 > yab > a + b

1
Tb

ra

I

■4a —X-——4b

/ y

1

1

<r- — g— -M- ^

T
fl +  & f l + &

fl + b

\
a + b

4

Iy / / / / /

/ / / / / / /I

(4  + 1?" ^ a + b

i4a+~b) > A--^4a4b

a + b > 4ab

1 > 4-a + b a + b

U  '  21,6a + b

— RB N



56 Proofs without Words

Five Means — and Their Means
a + b

Arithmetic: am = AM(a,b) = 2

Contraharmonic: cm = CM(a,b) =
a2 + b2 
a + b

Geometricrgm = GM(a,b) = ^fab

Harmonic: hm = HM(a,b) a + b

az + b
Root Mean Square: rms = RMS(a,b)

(a + b)

X + y =a + b

hm gm am rms cm
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I. .0 < fl < b =>

la b  r r  . a +  ba < ------r  < VflP < —r —a + b 2

2 ,2  2 ,2

fl +

II. hm + cm = a + b => AMQim, cm) = am.

III. hm-am = a-fc => GMQim, am) = gm.

IV. am-cm =
g2 + b2 

2 GM{am, cm) = rms.

V. gmz + rwis2 =
(g + RMSigm, rms) = am.

a <

/ ------GM
I i

2gl? ^  r r  ^< ^ a b  <a + b

“ AM  ■

■ ^ i r
a + b 

2
t

■RMS

GM
1

2 i.2 2 . i.2
< « _ ± f  < f,

g + 1?

J

—RBN
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F ouad  N akhli
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A B >  Ba  f o r  e <  a  < B

y - m  X

y  =  m x

e < A < B  => mA>mB

Ab > Ba

-C harles D. G allan t
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The M ediant Property

a c a a + c c
b K d ^  b K b + d ^ d< 1

a

—Richard A. Gibbs



iv
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Regie des Nombres Moyens (Two Proofs)
[N icolas C h u q u e t, Le Triparty en la Science des Nomhres, 1484]

a + c

b + d a + c

=> m-T < m0 < m

•Li C hangm ing

b
b+d

-M- —  >
b+d

a a
b < b + d 'r b + d ^  d

— RB N
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The Sum of a Positive Number and its 
Reciprocal is at least Two (Four Proofs)

I.

1
X

<---------  X --------- y = 2 - x

III. IV. --------1 ►

x > l  => x + — > 2

—RBN
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Aristarchus' Inequalities

n0 <  p <  a < ^ sincg a  ta n «  
smp P tanj3

i

y = tan x

y = sin X

P (X

a  < tanas in a  <

ta n asin a
sin^3 J3 tanj3
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The Cauchy-Schwarz Inequality '

\{ am x ,y )\ < \ \ ( a m W ,y ) \ \

■J

\ax + h y \ lflll:c l+ I& II1 /I <  "sja2 + b2 x2 +

-RBN
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Bernoulli's Inequality (two proofs)

x > 0 , x ^ l , r  > 1 => xr - l >  r(x - 1) 

I. (first sem ester calculus)

11. (second sem ester calculus)

y

J rtr~ dt > rix-1)x - l  = j  rtr dt < K1 -  x)

—RBN
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Napier's Inequality (two proofs)

In b - l n a

I. (first sem ester calculus)

y  = In  X

m { L ) <  m ( L ) <  m{L)

II. (second sem ester calculus)
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Integer Sums 69

Sums of Integers I

o  o
o  •

o  o  o  o  
o m m o  o

o
1 + 2 + • • • + n = ^ ( n  + 1)

— ■"The ancient G reeks" 
(as cited by Martin Gardner)



70 Proofs without Words

Sums of Integers II

f  „  n  n
1 + 2  +  ’ ”  +  n  =  ~2 + 2

—Ian R ichards
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Sums of O dd Integers I

O ' •  o  •  o

1 + 3 + 5 + • • • + ( 2 n - 1) = n2

— N icom achus of G erasa (circa a. d. 100)



72 Proofs without Words

Sums of Odd Integers II

o  o  o  o  o  o  •
o  o  o  o  o  o

#  o

#  O 0 | 0  o  o  o
® O 0 ^ 0

m  m m m o  

o o o
o ’®

o
1 + 3 + • • • + (2n — 1) = j(2n )2 = n2
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Sums of Odd Integers III

2n -1

A + 3-A + • • • + (2n -  1)-A = A = n -A  

n
X  (2>-l) = n2 
1 = 1

-Jend Lehel



74 Proofs without Words

Squares and Sums of Integers

I.

1 +  2 +  1 =  2 '

O / O / Q

' b / b / Q/  ̂ ✓

b /o /o

b /b /b /o
. Vm>>

b /o /o /b

1 + 2 +  3 + 2 + 1 = 3 '

= 4 '

1 + 2 + ••• + (w — l )  + n + (m — 1) + ••• + 2 + 1 =

— "The ancient G reeks"
(as cited by Martin Gardner)
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II.

0/0
/ © /
0/0

0/0/0
• i k O / O

0 /O - ''O

+

1 + 3 + 1 = I 2 + 22

+

1 + 3  + 5 + 3 + 1  = 22 + 32

O i l O / O / ; : ®

6 2 6 2 6 S6
'© / '© z '© , '

O / O ^ ' D ^ O

+

1 + 3 + 5 + 7 + 5 + 3 + 1 = 32 + 42

1 + 3 + -  + (2 n -l)  + (2n+l) + (2« -l) +— + 3 + 1 = n2 + (« + l)2

—H ee Sik Kim



76 Proofs without Words
1

Arithmetic Progressions with Sum Equal to 
the Square of the Num ber of Terms

□ 3 n - 2
X  k = ( 2 n -  1 ) ;  n =  1 ,2 ,3 , 

k = n

« = 4

4 + 5 + 6 + 7 + 8 + 9 + 10 = 7

—Jam es O. C hilaka
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Sums of Squares I

l 2 + 22 + • • • + n2 = I  n(n + l)(n  +

n +1

— M an-K eung Siu



V

78 Proofs without Words

Sums of Squares II

3(12 + 22 + • • • +n2) = (2n + 1)(1 + 2 + • • • + n)

vv ill
I i 1I m

i i
1 €

I I

K
+

+
fS+

ii i i i
Il l l l SSSJ

2m +1

— M artin  G ard n er an d  D an K alm an
(independently)
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Sums of Squares III

3(12 + 22 + • • • +nz) -  ^n(n  + l)(2n + 1)

n n

n - 1 n - 1  • •

n n n n - 1  • • • 2 1 1 2  • • • n - 1  n

n - 1  n n - 1  • • •  2  2  3 • • • n

2 2 
1

n n - 1  

n
n - 1  n 

n

2 n + l  2 n + l  

2 n + l  2 n + l

2 n - f l  2 n + l  

2 n + l

2 n + l  2 n - f l  

2 n + l

—-Sidney H. Kung



80 Proofs without Words i

Sums of Squares IV

2
n 9 /  n \  n - 1

= X M  - 2 X
k = l \k = l  7  k = l

(k+1)

1 2 3

(1 + 2 + 3) • (4)

(1+2 + 3 + 4)-(5)

-James O. C hilaka
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Sums of Squares V

n n

X X/
i  =  l ;  =  i 1 =  1

I Ii Ii IJ__ LI II . I I Ill»......>M

—Pi-Chun Chuang



82 Proofs without Words

Alternating Sunns of Squares

+
o o © ©  = 
o o o ®

II.

i  ( - l ) t+ 1 l 2 = (-1)"+1T„ = (-1)”+1 ^
k = l  l

■—Dave Logothetti

2 , - V 2  / ^  / t \ k/ 1 \2 n(n + l)n -  (« -  1) + — + (-1) (1) = Y  (-1) (n -  k) = — - — •
k  =  0  1

-Steven L. Snover



Integer Sums

Sums of Squares of Fibonacci Numbers

■Alfred B rousseau



84 Proofs without Words

Sums of Cubes I

l 3 + 23 + 33 + • • • + n3 = (1 + 2 + 3 + • • • + n )2

p i ■

1 ■

■' H

-Solom on W. G olom b
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Sums of Cubes II

l 3 + 23 + 33 + • • • + n3 = (1 + 2 + 3 + • • • + n)2

—J. B arry Love



86 Proofs without Words

Sums of Cubes III

l 3 + 23 + 33 + • • • + n3 = (1 + 2 + 3 + • • • + n)2

—A lan L. Fry



Integer Sums 87

Sums of Cubes IV

l 3 + 23 + 33 + • • • + ni = ^[n(n + 1)]'̂

...... .I I*1 “ T “ 
I I

“  r  “  r  ■I I

„ j  _■ 
I. _L . 
I

I " I. I"
I I I  I I I"n”T  T I I I  I I I

-  r  -  r  “  r  “  ■" r  "  r  “  r  *I I I I I I■TT-T" -
I I I  I I I

■T
I

-  r  ■I

■r

I I - I-r-r-b-r-

1 j 1
k ■’."•"I 

r - j T '
1 r

.....I”I I I -TT-n- 
I I I . „r ~r“r I I I - T  n ” n “ I I IT I . I. I111

I I I I■-r-r-r-rI I I I  
- T - n - T T  I I I I■“r "r"r -r

I I I I 
“ T T T T  I I I I

I I I 
“  r  “  r  “  r  I I I ’ n " 1 ” T I I I
-  r  "  r  •  rI I I T T T “ I I I

II I I I 
T  T “ r “ r • I I I  I i “ T “ n " T  I I I  I - r “r “r"r'I I I I T-n-TT” I I I I *TT 

I I

I I I I-r-r-r“r* I I I I T T -T T  I I I I -r“r"r”r-I I I  I 1-TT'T- 
I I I t

n •M-

—A ntonella C upillari and  W arren  L ushbaugh
(independently)



88 Proofs without Words

Sum of Cubes V

1 + 2 + • • • + n =>

(1 + 2 +

I
= (1 + 2 + • • • + n )2 = I 3 + 23 + 33 + • • • + n

— RBN
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Sum of Cubes VI

n In 3n

1 2 3 • • «

2 4 6 • - 2n

3 III 9 ■ • 3«

’ n2

1
2 4

3 6 9

n In 3n

n

2n

3n

» n2

= I  I + 2 1  I + . • •  + «  I  I = 1(1)2 + 2(2)2 + • . . + nin)2 
f=l i=1 1=1

« . \ 2  

i = 1 = X I
i = 1

— F arhood  Pouryoussefi



Proofs without Words

Sums of Integers and Sums of Cubes

+ n = ^ ( n  + 1)

n(n + 1)

—Georg Schrage



Integer Sums

Sums of O dd Cubes are Triangular Numbers

3 = 3(3 )

2 + 3(5)

(2n -  1) = (2n -  l)(2n -  1)

(n -1 ) + n(2n -1 )

(2n -1 )

(« -1 ) + n(2n -1 )

1 + 2 + 3 + -  + ( 2 n - l )  = n2(2«z- l )I 3 + 33 + 53 + ••• + (2w-l)

— M onte J. Z erger



92 Proofs without Words

Sums of Fourth Powers

2

f = i  \ i  = i  /
t U ki>

k = 2 \  1 = 1

3 (1 +2 )

4 (1 +2 +3 )

j =1

—E lizabeth  M. M arkham
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Powers as Sums of Consecutive Odd 
N um bers

nk = {nk~1 - n  + l) + (nk~1 -  n + 3) + -  + (nk~1 - n  + 2 n - l ) ;  

, ■' k = 2 ,3 ,  . ■

1 1 1 < I I 4 I;:!:!:::*:!:::!:!:::!::::::;!; 4 4 1
1 1 i 4 4 1 4 4 4 4 1
1 i 4 4 t 1 4 4
1 1 1 1 ■
1 ' 1 1 1
1 1 1 1 1

1 *
1 1 1 1 1 1 m m m m 4
1 1 1 1 4 4 i i 4 rniimfim 4
1 1 1 4 4 4 1 4 ■ « V •
1
1

i
1 1 1

1
1 1 1

1 1
1 I 1 1 1 1 _____ 1_____

n

n k l - n n

—N . G opalak rishnan  N air



94 Proofs without Words

Sums of Triangular Numbers I

T 1 I - .  . n r  ... r  ^ n ( n + l ) ( n  +  2 )1 n — l  + Z + • • • + n = >  i |  +  i 2 +  " * , +  Tn =  “  ~

1 2  3

1+ 2  + • • • + «

1 + 2  +  3
1 + 2 r ,  r_

T-  i 2j—
J

z

n + 2

n

T| + T2

3 ( T 1 + T 2 +  - -  +  T „ )  =  (n + 2 ) T „

(«  +  2) nin  +  1) n (n  + ! ) ( «  +  2)
+  Tn ~ 3

-M onte J. Z erger
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Sums of Triangular Numbers II

. n 1
Tv = 1 + 2  + -• • + /: => y . Tv = T w (n+ !)(« + 2)

k = l  6

I
n

I

—RBN



96 Proofs without Words

Sums of Triangular Numbers III

n
T]c = 1 + 2  + • • • + k => 3 T]c = 2 + l)(w + 2)

k = l \ '

1
1 2  
1 2  3

1
2 1 
3 2 1

. n
« - l  n-1 
n-2  «-2  «-2

1 2 
1 2

K-1 « - l  n-2
n-1 n n n-1

1
2 1

2 2 
1 1

2
1 1

n+2
n+2 n+2 
n+2 n+2 n+2

n+2 n+2 
n+2 n+2

n+2
n+2 n+2

3(T | + T2 + ... + Tn) = Tn • (n + 2)
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Sums of Oblong Numbers I

, ( n - l ) n ( n  + 1)
(1 X  2) + (2 X  3) + (3 X  4) + • • • + (n -  l)n = 3---------

(i)

3

(ii)

n

—T. C. W u



98 Proofs without Words

Sums of Oblong Numbers II

3(1-2 + 2*3 + 3-4 + • • • + n(n + 1)) = n(n + l)(n  + 2)

2 3

+ +

—Sidney H . K ung
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Sums of Oblong Numbers III

(1 X 2) + (2 X 3) + • • • + (n - 1 )  X n = \[n3 -  n]

111k.. .J
3 (1 x 2 )

/ Y
t —
11k.. 0

3 (1 x 2 )

0
1 ‘ 1

. . . .

k .  . ■}----

3(1 x 2 )

I I-;

23-2

3 (2 x 3 )

3 (2 x 3 )

■ I! J

r'—■/': ■ ' I
i.—Lc

3 3 - 3

3(3 X  4)

3
4 - 4

-Ali R. A m ir-M oez



lod Proofs without Words

Sums of Pentagonal Numbers

1 2 2 - 5  3 - 8
r i  +  o  +  n + • • • +

n(3n - 1) n2(n + 1)

n + 1

—W illiam  A. M iller
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On Squares of Positive Integers

Tn = l  + 2 + --- + n

(2n + I )2 = 8Tn +1

(2n)2 = 8T„_| + An

-Edw in G. L andaiier



102 Proofs without Words

Consecutive Sums of Consecutive Integers

■ "n + r

n + n
n + « - ! • . n +2n

n +n  +2
n + n + 1

1 + 2 = 3 
4 + 5 + 6 = 7 + 8  

9 + 10 + 11 + 12 = 13 + 14 + 15 
16 + 17 + 18 + 19 +  20 = 21 + 22 + 23 + 24

n2 + (n2 + 1) + • • • + (n2 + n) = (n2 + n +  1) + • • • + (n2 + 2n)

—RBN
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Count the Dots

n K- 1  -

fc=l  fc=l

n 2n
I  k

fc =1 fc = n + 1

-Warren Page



104 Proofs without Words

Identities for Triangular Numbers

Tn — 1 + 2 + ••• + M

© ©

© © © © ©
© © © ©

3T„ + T  = T 
n n - l  2n

3T  + T  = T 
« w +1 2 « + l

© © © © ®
© © © © ©
© ® © © ©
© © © © ©
© © © © ©
© © © © ©

© ©■ © © © © 
® © © © © ©
© ® © © © © 
© .© © © © © 
© © © © © ©  
© © © © © ©

© © © © ©
© © © © ©
© © © © ©
© © © © ©

© © © © © ©  
© © © © © © 
© © © © © © 
© © © © © ©  
© © © © © ©

T + 6 T + T  = (2« + l)
« - l  «  M+1
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A Triangular Identity

3n + l

5n+2

7n+3

1 + 2 + -  + W => (2k + l) Tn + +

RBN



106 Proofs without Words

Every Hexagonal Num ber is a 
Triangular Num ber

H n = 1+5 + --+ (4 n -3 ) 
Tn = 1+2 + --+n => H n = 3T„_ 1 + Tn = T2w_i  = « (2 n -l)

®©0o°
H

o ) m

©oooo©©©©©oooo®©©©©oooo®®©©oeeeo®®®©
© © © © © ® 0 ® ®

5-9
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One Domino = Two Squares: 
Concentric Squares

1 + 4-2 + 8-2 + 12-2 + 16-2 = 9

2

,2 '

n
l  + 2 y£ l 4k = (2n + l) 

k = l

— Shirley A. W akin



108 Proofs without Words

Sums of Consecutive Powers of Nine are Sums 
of Consecutive Integers

□

□

□

I i
I f/■Jv%
m %

' Ii■.

■

J
tii

J--1

1 + 9 + • • • + 9” — 1 + 2 + 3 + • • • + (1.+ 3 + • • • + 3”)

—RBN
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Sums of Hex Numbers Are Cubes

h ^ + h _  +



110 Proofs without Words

Every Cube is the Sum of Consecutive Odd 
N um bers

n

«(«-!)+!
7  +  9 + 1 1

n3 = [n (n -  1)+  1] + ••• + [«(«+  1) -  1]

—RBN
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The Cube as an Arithmetic Sum

« - 1
n3 = ŷ 2 i ( n  + l) + l  

1=0  ■■

5 = 1 + 13 + 25 + 37 + 49

—R obert B ronson an d  
C hristopher B rueningsen
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On a Property of the Sequence of Odd Integers (Galileo, 1615)............ 115
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Gabriel's Staircase......................... . ................... ........ ............. .........123
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L

Sequences & Series 115

On a Property of the Sequence of Odd Integers 
(Galileo, 1615)

1 1 + 3 1 + 3 + 5
3 “  5 + 7 “  7 + 9 + 11

2 m - 1  

2 m  + 1

2m + 3 i

4m-1

1  +  3  +  . . .  +  ( 2 m  - 1 )

(2m + 1) + (2m + 3) + ... + (4m -1 )  3

REFERENCE

S. Drake, Galileo Studies, T h e  University of Michigan Press, Ann Ar­
bor, 1970, pp. 218-219.

—RBN



116 Proofs without Words

A Monotone Sequence Bounded by e

+ < a.

M>1 < m2 <1

1 1 
l n ( l + - )  l n ( l + ^ )

- <  ------------- ----------------<  11_
n n+1

—RBN

.
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A Recusively Defined Sequence for e

T hom as P. Dence



118 Proofs without Words

Geometric Sums

1 1  1 
2 + 4 + 8 + =  1

r  r ( l - r )  r ( l - r )

r il- ry

r ( l - r ) '

r ( l - r )

r  + r ( l - r )  + r ( l - r ) 2 + -  =1

-Warren Page
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Geometric Series I
oo

1 -  rK = 0

+ ar

1 -  r

ar

a + ar + ar2 + ar3 +
1/ r

ar
1 -  r

—J. H . W ebb



Proofs without Words

Geometric Series II

APQR -  ATSP

1 + r  + r2 + ... = 1 - r

— Benjam in G. Klein an d  Irl C. Bivens
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Geometric Series III

1/2

1/2

i
1/8

1/4 1/8

1/4

1/2 1/2

1 1 1 1  ̂ \

4 + 16 + 64 + 256 + “ 3

I

cS
fOV.

1
<sK.

T

r2(l-r) r3

r ( l - r )  r 2

(1 -  r)2 + r2(l -  r)2 + r4(l -  r)2 + .

1 + r2 + r4 + . 

a + ar + ar2 +

(1 -  r)2

(1 -  r)2 + 2 r(l -  r) 
1

1 - r  
1 + r

1 -  r2 
a

= 1 - r

—Sunday A. Ajose



122 Proofs without Words

Geometric Series IV

1
243

+ 9- 27 243 ) =

64

1
125

2  S  = 1
n=l 3

Y  _L = 1
Zj  n n 
«=1 3 1

n=l 4

oo -
y  J_  = 1Aj  n o
n= 1 4

00 1

4 X i  = i
«=1 5

o °  -  -
y  J -  = i^  _n 4  M=1 5

■—E lizabeth  M. M arkham

" 1
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Gabriel's Staircase

= a ^ for0<r<1

o o  oo

= I  Ir-' =
k = l k = li  = k (1 -  ry

—S tu art G. Sw ain



Proofs without Words

16 ! 16



Sequences & Series

1 + 2r + Sr2 + 4I3  +

RBN



126 Proofs without Words

1  1
"f" "}■

1-2 2-3
n

n { n + l)  n + 1

in -  l)/n

—Roman W. Wong
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The Series of Reciprocals of Triangular 
N um bers

1 1 1 
1 + 3 + 6 + rn +

I 2

= 2

— RBN



128 Proofs without Words

The Alternating Harmonic Series

1 . 1

1 1

1 /7 -  1/8

2 + 2fc -  1 2 + 2k 2 + 2 k - 1 2 + 2k

■Mark F inkelstein
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sin(2n + 1 )6  =  sin0 + 2sin0 X  c o s lk O
k = 1

2sin0

-J. C hris F isher an d  E. L. Koh



Proofs without Words

An Arctangent Identity and Series
(n + !,« + «  +n+l)

in + n + l,n + n + n )

arctan
n +n+l

n +n+l

n +n+l

inUUn+l)in^+D)

arctan(n + 1)arctan n + arctan nz + n + 1

arctan(n + 1) -  arctan narctan

^  arctan 
n = 0

arctan (N +1)nl  + n + 1
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Miscellaneous 133

A 2 X 2 Determinant is the Area 
of a Parallelogram

ia,b + d) (fl + c,b + d)

(a + c,d)

(0,0)

a b 
c d

= ad -  be = □
□

-Solom on W. G olom b



Proofs without Words

Area of the Parallelogram Determined by 

Vectors (a .b) and ( c ^ )  =  ± ± (ad  -  be)

-Yihnan D avid  G au



Miscellaneous 135

The Characteristic Polynomials of 
A B  and B A  are Equal

-Xn\A B -X l\ =
A AB -X I 
M  0 XI b J \ o -XI

A I 
XI B

i-X)

-Xn\B A -X l\ =
0 XI 

BA-XI XB
A I \ [ - I  0 
XI B/VA XI

A I 
XI B

i-X)

—Sidney H. K ung



136 Proofs without Words

The Gaussian Q uadrature as the Area of 
Either Trapezoid

l(b  - a)(f(S) + f(b)) = l ( b - a m a )  + h(b))

-Mike A kerm an
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Inductive Construction of an Infinite 
Chessboard w ith Maximal Placement of 
N onattacking Queens
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— D ean S. C lark  an d  O ved  Shisha
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(2)=V-«) = "eV ̂ z 1 = 1

r 2 1) = ( 2 ) - «

-James O. C hilaka
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n (3n
3 S  I 3 j 

/  = 0 ^'

= Sn + 2(-l)n, by Inclusion-Exclusion in 

Pascal's Triangle

1

1 1 

1 2 1

1 3 3 1

• /

+ 0  + •  + •  + w + #  + ••• +7

+ •  + •  + • + # + # +  •  + #  + ••• +

V .  . V .  .+ • + ^  + Ji + • + ^ +  Ji+ w+ + • • • +
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} n , xn
^ 2 ( - l )1(3") = 3I (■ 1/ = -23’' I (-i) = 1 +-

i= o \ ;iJ /  7= 1  /=! A

— D ean S. C lark
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Pythagorean Triples

Q
o
Q
®

Q

Q

n2 = 2k+1  => Jt2 + n2 = (jt + 1)2 & (fc/ A: + l)  = l

— C harles V anden  E ynden
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Pythagorean Triples via Double Angle 
Formulas

m + n

m>n>0 m + n

m + n

cos 26 =
m + n m -  n

2mn

— D avid  H ouston
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The Problem of the Calissons

A  c a lis so n  is a French sweet that looks like two equilateral triangles 
meeting along an edge. Calissons could come in a box shaped like a

regular hexagon, and their pack­
ing would suggest an interesting 
combinatorial problem. Suppose 
a box with side of length n is 
filled with sweets of sides of 
length 1. The short diagonal of 
each calisson in the box is parallel 
to a pair of sides of the box.

We refer to these three possi­
bilities by saying that a calisson 
admits three distinct orientations.

THEOREM: In  a n y  p ack in g , the  n u m b er o f ca lisso n s w ith  a  g iven  o rie n ­
ta tio n  is o n e -th ird  o f th e  to ta l n u m b er o f ca lissons in  the  box.

PROOF: ■ , ■ ■ ■ ■ ■

— G uy D avid an d  C arlos Tom ei
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Recursion

i l l I
A2 = 3 A3 = 2A2 + 1 A4 — 2A3 + 1 A5 — 2A4 + 1

A2 = 3 & A„ = 2A„_1 + 1 <=> A„ -= 2(2"-’ ) - 1  = 2n - l

—Shirley W akin
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n k n + 1
k  -kl =  (n l)

k = l

1 1 1 1 • • • 1 1 1

2 2 2 2 • • ' • 2 2 2

3 3 3 3 • 3 3 3

• • • . -

• • ' • ' • *

- • • * • • •
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-Edw ard T. H . W ang
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Introduction

Proofs really aren't there to convince you that 
something is true—they're there to show you why 
it is true.

—Andrew Gleason

A good proof is one that makes us wiser.
■—Yu. I. Manin

Much research for new proofs of theorems already 
correctly established is undertaken simply because 
the existing proofs have no aesthetic appeal. There 
are mathematical demonstrations that are merely 
convincing; to use a phrase of the famous mathe­
matical physicist. Lord Rayleigh, they "command 
assent." There are other proofs "which woo and 
charm the intellect. They evoke delight and an 
overpowering desire to say. Amen, Amen." An ele­
gantly executed proof is a poem in all but the form 
in which it is written.

—Morris Kline

What are "proofs without words?" As you will see from this sec­
ond collection, the question does not have a simple, concise answer 
(the first collection. Proofs Without Words: Exercises in Visual Think­
ing, was published by the Mathematical Association of America in 
1993). Generally, proofs without words (PWWs) are pictures or dia­
grams that help the reader see why a particular mathematical state­
ment may be true, and also to see how one might begin to go about 
proving it true. In some, an equation or two may appear in order to 
guide the observer in this process. The emphasis is, however, clearly 
on providing visual clues to the observer to stimulate mathematical 
thought. ; . ; , . ■

Proofs without words are regular features in the journals published 
by the Mathematical Association of America. PWWs began to appear in 
Mathematics Magazine about 1975, and in The College Mathematics 
Journal about ten year later. But proofs without words are not recent 
innovations—they have been around for a very long time. In this vol­
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ume you find modern renditions of PWWs from ancient China, tenth 
century Arabia, and Renaissance Italy. Proofs without words also now 
appear in journals published by other organizations in the U.S. and 
abroad, and on the World Wide Web.

Of course, some argue that PWWs are not really "proofs" (nor, for 
that matter, are they "without words," on accoimt of equations which 
often accompany a PWW). In his recent book Philosophy of Mathemat­
ics: An Introduction to the World -of Proofs and Pictures (Routledge, 
London, 1999), James Robert Brown notes:

"Mathematicians, like the rest of us, cherish clever 
ideas; in particular they delight in an ingenious pic­
ture. But this appreciation does not overwhelm a 
prevailing skepticism. After all, a diagram is—-at 
best—just a special case and so can't establish a gen­
eral theorem: Even worse, it can be downright mis­
leading. Though not universal, the prevailing atti­
tude is that pictures are really no more than heuris­
tic devices; they are psychologically suggestive and 
pedagogically important—but they prove nothing. I 
want to oppose this view and to make a case for pic­
tures having a legitimate role to play as evidence 
and justification—a role well beyond the heuristic.
In short, pictures can prove theorems."

In my introduction to the first collection of PWWs, I suggested that 
teachers might want to share the PWWs with their students. Several 
readers of the first collection responded to my request for information 
about ways in which PWWs are being used in the classroom. Respon­
dents commented on using PWWs with classes at all levels— 
precalculus courses in high school, college courses in calculus, number 
theory, and combinatorics, and pre-service and in-service classes for 
teachers. PWWs appear to be used frequently to supplement or even 
replace "textbook" proofs, for example, for the Pythagorean theorem or 
the formulas for sums of integers, squares, and cubes. Other uses range 
from regular assignments, extra-credit problems, in-class presentations 
by students, and even term papers and projects.

I  should note that this collection, like the first, is necessarily in­
complete. It does not include all PWWs which have appeared in print 
since the first collection was published in 1993, nor all of those which I 
overlooked in compiling the first book. As readers of the Association's
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journals are well aware, new PWWs appear in print rather frequently, 
arid they also appear now on the World Wide Web in formats superior 
to print, involving motion and viewer interaction.

I hope that the readers of this collection will find enjoyment in dis­
covering or rediscovering some elegant visual demonstrations of cer­
tain mathematical ideas; that teachers will share them with their stu­
dents; and that all will find stimulation and encouragement to create 
new proofs without words.

Acknowledgment. I would like to express my appreciation and 
gratitude to all those individuals who have contributed proofs without 
words to the mathematical literature; see the Index of Names on pp. 
127-128. Without them this collection simply would not exist. Thanks 
to Andy Sterrett and the members of the editorial board of Classroom 
Resource Materials for their careful reading of an earlier draft of the 
book, and for their many helpful suggestions. I would also like to 
thank Elaine Pedreira, Beverly Ruedi, and Don Albers of the MAA's 
publication staff for their encouragement, expertise, and hard work in  
preparing this book for publication.

Roger B. Nelsen 
Lewis & Clark College 

Portland, Oregon

Notes

1. The illustrations in this collection were redrawn to create a uni­
form appearance. In a few instances titles were changed, and shading 
or symbols were added or deleted for clarity. Any errors resulting from 
that process are entirely my responsibility.

2. Roman numerals are used in the titles of some PWWs to distin­
guish multiple PWWs of the same theorem—and the numbering is 
carried over from Proofs Without Words. So, for example, since there 
are six PWWs of the Pythagorean Theorem in Proofs Without Words, 
the first in this collection carries the title "The Pythagorean Theorem 
VII."
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3. Several PWWs in this collection are presented, in the form of 
"solutions" to problems from mathematics contests such as the W il­
liam Lowell Putnam Mathematical Competition and the Canadian 
Mathematical Olympiad. It is quite doubtful that such "solutions" 
would have garnered many points in those contests, as contestants are 
advised in, for example, the Putnam Competition that "all the neces­
sary steps of a proof must be shown clearly to obtain full credit."

4. The three quotations at the beginning of the Introduction are 
from Out of the Mouths of Mathematicians by Rosemary Schmalz, 
(Mathematical Association of America, Washington, 1993), pp. 75, 62, 
and 135-136.

t: ,
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The Pythagorean Theorem VII

■Annairizi of A rabia (circa a .d . 900)
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The Pythagorean Theorem VIII

Liu H u i (3rd century A.D.)
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The Pythagorean Theorem IX

i

— L e o n a rd o  d a  V inc i (1452-1519)
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The Pythagorean Theorem X

—J. E. B ottcher
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The Pythagorean Theorem XI

be

\ \  w

ac ac

— F rank  Burk
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The Pythagorean Theorem XII

a 2 + b2 = c 2

— Poo-sim g P ark
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A Generalization from Pythagoras

The sum  of the area  of tw o squares, w hose sides are  the  
lengths o f the tw o  d iagonals of a parallelogram , is equal to the  
sum  of the areas of four squares, w hose sides are its four sides-

COROLLARY: The Pythagorean Theorem (when the parallelogram is a 
rectangle).

-D avid S. W ise
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A Theorem of Hippocrates of Chios (circa b.c . 440)

The com bined area  of the lim es constructed on  the legs of a 
g iven rig h t triangle is equal to the area of the triangle.

Ai + A2 = A3
(Lj + Si) + (L2 + S2) = T + $1 + S2 

Li + L2 = T

— E ugene A. M arg en u n  
an d  M ichael M. M cD onnell
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The Area of a Right Triangle 
with Acute Angle tt/12

The area of a rig h t triangle is -(h y p o ten u se)^  if and  only if one 

acute angle is ;r/12 .

—K lara P in ter
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A Right Triangle Inequality
(Problem 3, The Canadian Mathematical Olympiad, 1969)

Let c be the leng th  of the hypotenuse of a righ t triang le w hose  
o ther tw o sides have lengths a an d  h. P rove th a t

a + b < c-\[2.

W hen does equality hold?

SOLUTION:

Cl b ^  c - ^ a + b = cV2 <=> a  = b

i

i
i
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The Inradius of a Right Triangle

I. r =

II. r  =

ab
a + b + c 
a + b - c

I. ab = r{a + b + c)

—Liu H u i (3rd century A.D.)

II. c — a + b — 2r

a - r
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The Product of the Perimeter of a Triangle and 
Its Inradius is Twice the Area of the Triangle

NOTE: Regions bearing the same number are equal in area

G race Lin

n .

r A  b
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I

Four Triangles w ith Equal Area

-Steven L. Snover
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Area of the Original Triangle

■Norbert H ungerb iih le r
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 ̂ Heptasection of a Triangle

If the one-th ird  po in ts on  each side of a triang le are jo ined  to  
opposite vertices, the resu lting  central triang le is equal in  a re a  
to one-seventh  th a t of the initial triangle.

■William Johnston  
an d  Joe Kerm edy
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A Golden Section Problem from the Monthly
(Problem E3007, American Mathematical Monthly, 1983, p. 482)

Let A an d  B be the m idpoints of the sides EF and  £D  of an  
equilateral triang le DEF.  Extend AB to m eet the circumcircle 
(of DEF) a t C. Show  th a t B d iv ides AC according to the go lden  
section.

SOLUTION

■Jan v an  de C raats
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\

Tiling w ith Squares and Parallelograms

If squares are constructed  externally  on the sides of a p a ra lle l­
ogram , their centers fo rm  a square.

— Alfinio Flores
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The Area of a Quadrilateral I

The area  of a q u ad rila te ra l is less th an  or equal to h a lf the  
p ro d u c t of the lengths of its diagonals, w ith  equah ty  if an d  only 
if the diagonals are perpend icu lar.

I. Convex quadrilaterals

D

II. Concave quadrilaterals

Area = -(h + k)

< —A £‘BD
2

Area = '{h-k)

< —AC'BD
2

—D avid  B. Sher, R onald  Skum ick, 
an d  D ean  C. N a ta ro
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I

The Area of a Quadrilateral II

The area of a q uad rila tera l Q is equal to one-half the a rea  of a 
parallelogram  P  w hose sides are parallel to an d  equal in  leng th  
to the d iagonals of Q.

II. Q concave

area(Q) = — area(P)
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A Square W ithin a Square

If lines from  the vertices of a square are d raw n  to the m id ­
poin ts of ad jacen t sides (as show n in  the figure), then  the a re a  
of the sm aller square  so p roduced  is one-fifth  th a t of the g iven  
square .

j
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Areas and Perimeters of Regular Polygons

The area  of a reg u la r 2«-gon inscribed in  a circle is equal to  
one-half the rad iu s  of the circle tim es the perim eter of a
regu lar n-gon sim ilarly  inscribed (n  > 3).

^ a re a (P 2„) = | - r ~ s „

••• area(P2n) = ^nsn

Y= —perimeter(P„)

Corollary [Bhaskara, Lilavati (India, 12th century A.D.)]: The area of a 
circle is equal to one-half the product of its radius and circumference.
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The Area of a Putnam  Octagon
(Problem Bl, 39th Annual William Lowell Putnam Mathematical 
Competition, 1978)

Find the area of a convex octagon th a t is inscribed in  a circle 
an d  h as four consecutive sides of leng th  3 un its an d  the rem ain­
ing  four sides of leng th  2 units. Give the answ er in  the fo rm  
r + s-yji w ith  r, s, an d  t positive integers.

SOLUTION:
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A Putnam  Dodecagon
(Problem I-l, 24th Annual William Lowell Putnam Mathematical 
Competition, 1963)

(i) Show  th a t a reg u la r hexagon, six squares, an d  six eq u ila t­
eral triangles can be assem bled w ith o u t overlapp ing  to form  a 
regu la r dodecagon.
(ii) Let Pi, ? 2 , ..., Pi2 be the successive vertices of a reg u la r  
dodecagon. D iscuss the intersection(s) of the th ree d iagonals  
A ^ 9 , p2plV  a n d  h P n -

SOLUTION

^P\P\2P^ ~ ^PllPlPs ~ ^ l^ t Ps 
ZPiP2Pii = ZP12P11P2 = ̂/6,

PiPg O P2P11 P4P12 ^ 0-

Exercise: Discuss the intersection(s) of the four diagonals PiP(,, P2P9 ' 
P3P1I '  and P4 P12 (Problem F-4(b), The AMATYC Review, 1985, p. 61).
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The Area of a Regular Dodecagon

A regu lar dodecagon  w ith  circum radius one has area three.

X  \  VN \ \

—J. K iirschak
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Fair Allocation of a Pizza

The  Pizza  Theorem : i f  a p izza is divided in to  e ight slices by 
m aking cu ts a t  45° ang les fro m  an  a rb itra ry  p o in t in the p iz z a , 
then the sum s o f  the areas o f  a lte rn a te  slices are  equal.

PROOF:

NOTES: This result, discovered by L. J. Upton, is true when n, the number of pieces, is 8, 
12,16,..., but false for n = 2,4,6,10,14,18,.... The positive results are in the references. 
For the negative, the case n = 4 is easily handled, while if n = 2 (mod 4) we have the 
following argument of Don Coppersmith (IBM). It suffices, by continuity, to take the 
special point on the boimdary of the unit circle and one of the chords to be a tangent a t 
the point. Then the gray area can be expressed in terms of ;rand algebraic numbers in 
such a way that its equality with ;r/2 would yield an algebraic relationship for n, in 
contradiction to  nfs transcendence (details omitted).

Re fe r e n c e s

1. L. J. Upton, Problem 660, Mathematics Magazine 41 (1968) 46.
2. S. Rabinowitz, Problem 1325, Crux Mathematicorum 15 (1989) 120-

122.

-Larry C arter an d  S tan W agon
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A Three-Circle Theorem

G iven th ree non in tersecting  m utually  ex ternal circles, connect 
the in tersection  o f in te rna l com m on tangents of each p a ir  of 
circles w ith  the center of the o ther circle. Then the resu lting  
th ree line segm ents are  concurrent.

AD _ Ti
DB r2
BE r2
EC r3
C F _r3
FA rj

AD BE CF
DB EC FA

(via Ceva's theorem)

= 1 =» AE nB F r\ CD = P

-R. S. H u
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A Constant Chord

Suppose tw o circles Q and  R in tersect in  A and  B. A  p o in t P  on  
the arc of Q w hich lies outside R is projected th ro u g h  A an d  B 
to determ ine chord CD of R. P rove th a t no  m atte r w here  P  is 
chosen on its arc, the length  of the  chord CD is alw ays the
sam e

D

ZCAC = ZP'AP = ZP'BP = ZD'BD 

C C ^ m ) ,  CD, = CD 

CD' = CD
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A Putnam Area Problem
(Problem A2, 59th Annual William Lowell Putnam Mathematical 
Competition, 1998)

Let s be any arc of the u n i t  circle lying entirely  in the firs t 
quadran t. Let A be the area of the reg ion  lying below  s an d  
above the x-axis, an d  le t B be the area of the region  ly ing  to the  
rig h t of the y-axis an d  to the left of s. Prove th a t A + B depends 
only  o n  the arc length , an d  n o t the position, of s.

SOLUTION:

B

=  2  X
A + B = 2 x |  = 0 = ^(s)
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The Area Under a Polygonal Arch

The area  tinder the polygonal arch  genera ted  by one vertex  of 
a regu lar n -gon ro lling  along a stra ig h t line is th ree  tim es the  
area of the polygon.

COROLLARY: The area under one arch of a cycloid is three times the area 
of the generating circle.

—Philip  R. M allinson
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The Length of a Polygonal Arch

The length  of the polygonal arch genera ted  by one vertex  of a 
regu lar n-gon ro lling  along a s tra ig h t line is four tim es the  
length  of the in rad ius p lus four tim es the length  of the circum - 
rad ius of the n-gon.

Evenn

Odd n

COROLLARY: The arc length of one arch of a cydoid is eight times the 
radius of the generating circle.

—  Philip  R. M allinson
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The Volume of a Frustum of a Square Pyramid

P^+P^ = 2P2 + 4P4 Pj + P2 + P3 — 3P2 + 12i^

■Sidney J. K ung
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m
Arithmetic Progression is Always the 
Difference of Two Squares

‘S'CO+

1 +
1 <aCO+

, ..
-  ̂ 1 ‘ ‘ .11 ‘ ,11.1 * ''' ' ■ \r .1

csQ

{a + d){a + 2d) = a{a + 3d) + 2dli a2 + 3ad + d2

a{a + d){a+  2d){a + 3d) = (a2 + 3ad  + d2)2 -  (d2)2

-RBN
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Algebraic Areas III:
Factoring the Sum of Two Squares

+ y 2, -  (-̂  + -yj2xy + -  ■yj2xy + y)

1

\ xy

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ I
.

___________

" ■  x f - y  ►

x+y

•jc + y+ -v/2yy-

--------------------j

2xy

I

x + y -  J2xy
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Sine of the Sum II

a ,P  E (P,7iI2)=^ y = acosa = fccosjS

+

1 1 1 —ab sm{a +P)= —ay sma + —by sinP

1 1 '■

= —abcosPsina + —bacosasmP

sin(a + P) = sin a  cosP + cos asinP

-C hristopher B rueningsen
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Sine of the Sum III

s in (a  + j3) = sin  a  cos j8 + sin  jS cos a

I.

II.

cosfi cosa

cos a

ac(/)

.acc

.a

—V olker Prlebe 
an d  E dgar A. Ram os



Trigonometry, Calculus, & Analytic Geometry 41

Cosine of the Sum

bcosa = asinP

C/5Ou

—ab sin 
2 ^ -(cc  + P)

1 1= —bcosa ■acosP-—asinP-bsina 
2 2

cos(a + P ):= cos a  cos P~ sin a  sin P

—Sidney H . K ung
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Geometry of Addition Formulas

sin(a + P)sin a
' “ r'  1 sina

sin(a + = sin a  cos j8 + cos a  sin P

sin Of _ cosP
cosof sini3 + cos('a+P̂  

sina

cos(of + P) = cos Of cos -  sin Of sin )8

sin Of

—^Leonard M. Sm iley
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Geometry of Subtraction Formulas

cos a
cosfi

X = hsin{a -  P)

X = (sin a - h  sin P) cos a  

sin{a-P) = sinacosP -cosasm p •

hsinP sina-hsinP

sinP
x = hcos{a- P)

X = (sin a - h  cos P) cos a  

cos(a -  P) = cos a  cos P + sina sin P

-Leonard M. Smiley
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tan a-tan ^

tanatanP

BF AD
BE DE

DE _ AD _ ta n a - ta n  
BE BF 1 + tan a  tan

G u an sh en  R en
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The Difference Identity for Tangents II

tan{a- P)tanPtana

AC -  AB = BD + DC
ta n a -  tanfi = tan(a -fi) + tanatan j3tan(a -fi) 

a \ -  ta n g - ta n ^

-Fukuzo Suzuki
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One Figure, Six Identities

The figure

sin(a + (3) = sin a  cos + cos a  sin 
cos(a + P) = cos a  cos P -  sin a  sin P

sin(a -  P) = since cos P -  coscesin jS 
cos{a ~P) = cos a  cos P + sin a  sin P

sinosind

cosacosP

nOC/J
§
B’to

cr»

Ro

cosasinjS

sinacos)3

CO
S'

i;

n

g■Dj
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tan(g + j8)= +
1- ta n a  tan jS

tan (g -m =
l+tanatan)3

tanotanjg

tanjS

3"ca

&>3
?5

tan a

5U
3:

i

-RBN
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The Double-Angle Formulas II

2sin0

2 sin 0 c o s0  = sin20

COS0

2cosz 0 = l  + cos20

—Y ihnan D av id  G au
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The Double-Angle Formulas III 
(via the Laws of Sines and Cosines)

sin 20 sini - = COS0
2sin0

sin20 = 2sin0cos0

sin0

sin0

(2sin0)2 = I2 + 12 -2 •  I -1-cos20 

cos20 = l-2 s in 20

— Sidney H . K im g
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a - P  . a + Psince + sin y3

a ~ P  a + Pcosa + cosP

■Sidney H . K im g
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cos a

cosa + cosP = 2cos^—̂ cos-^-^^
2 2

. . 0 n a - B  . a+ Bsina + sinp = 2cos —sin---- —
2 2

-Yukio Kobayashi
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The Difference-to-Product Identities I

2
a ~ P  a + Psince -  sin/3 = v = 2sin

a ~ P  . a + Pcos jS -  cosce = M = 2sin

—  S idney H . K ung
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The Difference-to-Product Identities II

cosa

(=:a.c

cosP~ cosa = 2 s in ^ ——sin a  + ^
' ^ 2 . 2

■ o n -  a ~P a +Ps in a - s m p  = 2 s in ^ —^-cos —
2 2

—  Yukio K obayashi
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Adding Like Sines

■©-
+

cnBQ

CO

Ra = J a 2+B2+2ABcos(/>/ tanO= ABŝ <t> 
v v A + Bcos(j>

A sin :r + B sin(Ac + 0) = jR̂  sin(:c + 0)
, 71 . Q B
v 2 A

Asinx + B cosx = Va 2 +B2 sin(x + 9)

—Rick M abry  
an d  P au l D eierm ann



Trigonometry/ Calculus/ & Analytic Geometry 55

A Complex Approach to the Laws of Sines 
and Cosines

i

c = beia + ae = (b cos a  + a cos P) + i{b sin a - a  sm0)

a bc real => bsina -  asinP = 0 =
sina sinP

c2 =|c|2 ={bcosa + acosP)2 +{bsina-asm0)2 

= a2 + b2 +2abcos{a +P)

= a +b -labcosy

—W illiam  V. G rounds
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Eisenstein's Duplication Formula

2csc20 = tan 0  + co t0

Lin Tan
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A Familiar Limit for e

lim  1 + — 
n—>oo\ n j

= e

1 n ( .  I V 1 , --------- <lnl 1 + -  < - • !
n n + 1 \  n)

n

n

<n-lrq 1 + — <1 
n + 1 \  n)

lim Inj 1 + —I =1 
n->oo V nj
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A Common Limit

l i m — = 0
x^ooex

y = i /x

—A lan  H . Stein 
an d  D ennis M cG avran
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Geometric Evaluation of a Limit

V2^h / 2 + ^ ^ V  = 2

-G uanshen  Ren
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The Derivative of the Inverse Sine

sm X

L = sin X

sm X

-Craig Johnson
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The Logarithm of a Product

]nab = ]na + ]nb

-Jeffrey Ely
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An Integral of a Sum of Reciprocal Powers

'0
+ d f = l

-Peter R. N ew b u ry
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The Arctangent Integral

_  fx 1
Jo 1 + "̂

arctanx ■dt

2(1 + r )

arctam:

Area( U3ABCD) = Area(AOPQ) = —
2 1 + t,

Area( E3ABEF) = Area(AOPS)

—arctanx

•Aage B ondesen
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The M ethod of Last Resort 
(Weierstrass Substitution)

1 - COS0

DE = 2 sinu = tan

CE OA
DE BA

CD OB => COS0
DE BA

-Paul D eierm ann
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The Trapezoidal Rule 
(for Increasing Functions)
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Construction of a Hyperbola

I.

II.

-Ernest J. Eckert

I

I
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The Focus and Directrix of an Ellipse

— M ichel Bataille
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The Arithmetic M ean-Geometric Mean 
Inequality IV

(fl + b)2 > 4ab a + b >

—Ayoub B. Ayoub
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The Arithmetic M ean-Geometric Mean 
Inequality V

d = c = 0 => a: + y = 2 ^ /^

-Sidney H . K ung
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The Arithmetic M ean-Geometric Mean 
Inequality VI

I
(1 -  t)a + tb

(1 -  t)lm + t\nb Inb

0 < a < b ,0 < t< l= ^ { l- t)a  + tb > al tb‘

■Michael K. Brozinsky
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The Arithmetic M ean-Geometric Mean 
Inequality for Three Positive Numbers

LEMMA: ab + bc + a c < a 2 + b 2 + c2

ab
he,

ac :

THEOREM: 3abc < a 3 + b 3 + c 3 

a b c

be

ac

ab

abc

abc

b c

—C laudi A lsina
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The Arithm etic-G eom etric-H arm onic Mean 
Inequality

, n  U +  b r—r  l a ba,b > 0 =>------ > ^lab >
a + b

I

I AM = — / GM = 4 ^ / HM = ^ f 
2 a + b

AM > GM > HM.

—^Pappus of A lexandria (circa a .d . 320)
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The Mean of the Squares Exceeds 
the Square of the Mean

1 ”  r.

"i= ! '

r . n   ̂

'^n i=l J

kll h i

n[xl + X2 + ’” + Xn^> (Î jI + |x2 I + • • • + h i ) 2 > {xi + x2 +"- + xny

Xi + X 2 + - "  +  Xn :y1 + 3 :2 + - - -  +  ^ n ^ 2
’ n \  n J

— RBN
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The Chebyshev Inequality for Positive 
M onotone Sequences

n n n
E y /  ^ n 'Z xm

i=l i=l i=l

Xi<Xj &c yi <yj=>xiyj+xjyi <xiyi +xjyj

{x1 + x2 +-'- + xn){yi + y2 +--- + yn)<n(xiyi + x2y2 + -  + xnyn)

-RBN
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Jordan's Inequality

0 < x <  — => —  < sin  < x  
2 n

OB = OM + MP>OA=^ PBQ> PAQ> PQ
=» ;rsinAC >2x> 2sinx

•Feng Y uefeng
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Young's Inequality
(W. H. Young, "On classes of summable functions and their Fourier 
series," Proc. Royal Soc. (A), 87 (1912) 225-229)

THEOREM: Let (p and  y/be two fu n c tio n s , con tinuous, v a n is h in g  
a t  the o rig in , s tric tly  increasing , an d  inverse to each o th e r .  
Then fo r  a , b > 0  we have

ab < j \ { x ) d x  + j by/{y)dy
;° '  '  '  J°

w ith  equality  i f  an d  only  i fb  = (p{a)

PROOF:

b < (p{a)
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Sums of Integers III

e

e o
o o o o o o  

o o o o o  
+ o o o o  

o o o  
o o  

o
I

o o o o o o
© o oooo
©©oooo
,©©©ooo
G©©©00
©©©©©o

+

1 + 2 + • ■ • + n = + n)

— S. J. F arlow

IL
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Sums of Consecutive Positive Integers

Every in teger N  > 1, n o t a  p o w er of tw o, can be expressed  as 
the sm n  of tw o  or m ore consecutive positive integers.

N = 2n{2k + 1) [n>0,k> l)/ 

m = min|2n+1/2fc + 1|,

M = max|2n+1,2fc + 1|,

2N = mM.

M-m+1 M+m-1

m

■M

N = f M -m  + 1

) o O o ©
o o o o

> \ J o o o
1 # o o

+ 1 +••• ( M + m - t \
+l  2 J

R e fe r e n c e s

1. P. Ross, Problem 1358, Mathematics Magazine 63 (1990), 350.
2. J. V. Wales, Jr., Solution to Problem 1358, Mathematics Magazine 64 

(1991), 351.

-C. L. F renzen
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Consecutive Slims of Consecutive Integers II

Tu — 1 +  2. +  • •• +  k  '■

a  0
1 + 2 = 3 

= 3T1

4 + 5 + 6 = 7 + 8  
= 5T2

9 + 10 + 11 + 12 = 13 + 14 + 15 
= 7T3

16 + 17 + 18 + 19 + 20 = 21 + 22 + 23 + 24
= 9r4

n 2 + { n 2 +T) + - -  + {n2 + n )  = {n2 + « + !) + •••+ (n2 + 2n)
= {2n + l)Tn
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Sums of Squares VI

n(n + l) 1r + 2 ^  +-” + n

n{n + l)(2n +1)

•I. A. Sakm ar
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Sums of Squares VII

^ ^ 2  _  n{n + l){2n + l)

k=l

= n{n + l)(2n +1)

—N arm y W erm uth  
an d  H ans-Jiirgen Schuh
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Sums of Squares VIII

2  o i\ 7 2  n in  + l)(2n + 1)Z:2 = l  + 3 + v  + (2fc-l)=» = —-----------------L
6

■■ k = l , ■

I
I 3 

I 3 5 +

I
3 I 

5 3 I +

2n-l
2n-3 2n-3 

2n-5 2n-5 2n-5

I 3 5 -  2n-3 2n-3 -  5 3 I 3 3 -  3 3
I 3 5 •” 2n-3 2n-l 2n-l 2n-3 -  5 3 I I I I -  I I I

2n+l
2n+l 2n+l 

_  2n+l •" 2n+l

2n+l 2n+l -  2n+l 
2n+l 2n+l 2n+l

3(l2 + 22 + • • • + n2) = (2n + l)(l + 2 + • • • + n)

2 _ 2n + l  n{n + 1)
3 2

.-.I2 + 22 +--- + n‘!



Integer Sums

Sums of Squares IX (via Centroids)

—  1 1 i\ 1-1 +  2 - 2 H ---- bTl'Tly = l  + - ( n - l )  = ------ ----------------
3 J l  + 2 + -  + n

I2 + 22 + -- + nz -2 _ . 1(2« +1) = i« («  + l){2n +1)
Z 3  6

89

-Sidney H. K ung
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Sums of Odd Squares

l 2 + 3 2 + ••• + (2 n -  l )z =
2  n{2n -  l){2n  +1)

0

(2n -1)

3 X [l2 + 32 + • • • + (2n - 1)2 ] = [1 + 2 + • • • + (2n -1)] x {In + 1)

(2n l)(2n)(2n + l) = n(2n _ 1)(2n +1)

— RBN
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Sums of Sums of Squares

s i . 1- i f ” 1)
k=l 1=1 /

fn  + 2'\ 
2

1 + 2 + — + n

□

+s

+
CN
+

1
1 1 
1 1

< 1
1

■■■' r ' -  ; .  1,
1 ; 1,

, ■' i ^ :

1 1 
1 1

• 1
-•-■ '‘ Ip;

1 1 
1 1

' 9M
1 1 .
I I

-------------------------------------- ,

1 1
1 1

— ------------------------ 1
1

1
1
1

' ■' 1 ;■
1

3(l2) + 3(l2 + 22) + 3(l2 + 22 + 32) + ••• + 3(l2 + 22 +  • •• +  n2 j  =  I
n + iV n + 2^

—C. G. W astim



92 Proofs without Words II

Pythagorean Runs
32 + 42 = 52 

lO2 + l l 2 + 122 = 132 + 142 

212 + 222 + 232 + 242 = 252 + 262 + 272

Tn =1 + 2 h----i-n=»(4Tm — n)2 H----- f-(4Tn)2 = (4Tn +1) H---- 1-(4Tn + n)

e.g., n = 3:

4T3 =4(l + 2 + 3)

—M ichael B oardm an
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Sums of Cubes VII

1 3 + 5

■  r
13

93

7 + 9 + 11

33

[n(n-l) + 1] + [n(K-l) + 3] + ••• + [n(n-l) + 2n -1 ]

«3

1 + 2 + 3 + • • • + n

n(n + l)

l 3 +23 +-> + n3 = l+ 3  + 5 + --- + 2 Ŵn + 1̂ - l  =
■ 2 ;

n(n + l) -i2

-Alfinio Flores
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Sums of Integers as Sums of Cubes

2 + 3 + 4 = l+ 8  
5+ 6+ 7+ 8+ 9= 8+ 27  

10 + 11 + 12 + 13 + 14 + 15 + 16 = 27 + 64

(n2 +l) + (n2 +2) + ” - + (n + l)2 = n3 +(n + l)

n 2 + 2
«2 +  l

(n+1)2 
(n+1)2 - 1

-RBN
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The Square of Any O dd Number is the 
Difference Between Two Triangular Numbers

1 + 2 + , , ’ + k = Tk =^{2n + l ) 2 = T 3n+ 1- T n

n ■n

000©©©©©© 
000©©©©©© 
0 0 © © © G © 0 ©

"  e ® e ® ® € ) G € ) G

— — ------ 2n + 1 —------- ►

o
oo

o o o
o o o o©©©GG

^  ^  ^  ^  0  Q

s
CO

OOGGGG©©©©©OOOGGGGee©©©OOOO©©©©©©©©©
•n

— RBN
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Triangular Numbers Mod 3

tn = \  + 2 + -“  + n
tn =  lm od3, n = lm od3 

rn =0m od3, n ^ lm o d 3

O
o o

O O 0
o o o o o o o o o 

o o o o o o0 0 0 18 o o o1 •  •  •  •  o o o •  •  •  •  •  o o o

t3k+l = 1 + ^(^2^+1 “  tk+l)

o
o o o o o 

o o o o ) o o o o 
o o o o o 

> • • 0 0 0  
•  •  •  o o o > •  •  •  o o o

t3 k = 3 (t2 k ~ tk)

o o o o o o o 
o o o o o o o o o o o 

o o o o o o o 
> • • • 0 0  0 0  
• • • • o o o o  >••••0000 
• • • • • o o o o

t3k+2= ' i (t2 k + l - tk)
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Sums of Triangular Numbers IV: 
Counting Cannonballs

n n
Tk - l-¥ 2 - ^ " -  + k = ^ ^ T k = '^ k { n - k  + \)

k=\ k= l

1

3
+
6
+

+
n(n+l)/2

l(n) + 2(n-l) + 3(n-2) + ••• + n(l)

—D eanna B. H au n sp e rg e r 
an d  S tephen F. K ennedy
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Alternating Sums of Triangular Numbers

2/z-l
Tk ^ l  + 2 - r - i  k=> ^ ( - l ) t+1r t  =n-

k -1

e
_ o + o©

© ©o ©o

o o©
©o + ©o©
o©o o©o©
©o©o ©o©o©

_ '

©
©

— RB N
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The Sum of the Squares of Consecutive 
Triangular Numbers is Triangular

rn- l  + 2 + -- - + n=> + T ^  = Tn 2

T12 + r22 = T4

m

T l+ T i = T9

T i+ T i= T l6

l l  +T i = 725

Note:
This is a companion result to the more familiar r M_i + Tn = n2:

-RBN
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Recursion for Triangular Numbers

n + 2
T]c = l  + 2 + --’ + k ^ T n+i  = ^ Tn

n

2-Tn + n-Tn

n Ttn+ l

{n + 2)-Tn

n + 2
n ■ r̂ n+l = (w + 2) • Tn =^Tn+i = -  Tn
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Identities for Triangular Numbers II

Tn = 1 + 2 + ' • • + /z

T iT t ^  r̂ n -l^k -l ~ r̂ nk

-

a

T-

- i

...
_ _ 4_

r̂ n-l^k ^  '^ri^k-l ~ "^nk-l

-RBN
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Identities for Triangular Numbers III

Tn = 1 + 2 + • • • + :

n T]c_i + kTn — Tn]c

-1 n Tt-1 + ^^n-1 — r̂ nk-l

-James O. C hilaka
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Identities for Pentagonal Numbers

= 1 + 4 + 7 + • • • + (3n -  2) 

Tn =1 + 2 + 3 + — Vn

185 185 
185 185 

185

~ r̂ 2n-l r̂ h—l

•  •  •  •  •  o o o o
I •  •  •  •  o o o o•  •  •  •  o o o o
r •  •  •  o o o oo o o o o o o 

o o o o o o o o o o o 
o o o o o o o 

o o o

~ 2 ^3n-l
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Sums of Octagonal Numbers

o o
o o o o o o
o o o o

•  •  •  
•  •  •  
•  •  •

o o o O 0 o
o o o o o o

= 1 + 2 + • • • + A: => Ok =k2 + 4Tk_1

1 2 n

,  n{n + l) ..

IRCN

1,0k =1 + 8 + 21 + 40 + • • • + (n2 + 4r„_1) = 
k=l,

n(n + l)(2n-l)

—Jam es O. C hilaka
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Sums of Products of Consecutive Integers I

3 '

1+2+• • ■+«

cs
+
R

1+2+3
1+2

3-4'~ 1 1 
1___ I

1
1-2

2-3
n{n+l)

n(n + l)

Tu —l + 2 + '"  + fc

l-2  + 2-3 + -- + n(n + l) + (r1+T2 + -  + T„)=n(n + 1)(n + 2)/;
, 2 ;

T1 +T2 + • • • + Tn = —(1 • 2 + 2 • 3 + • • • + n{n +1)),

|( 1  • 2 + 2 • 3 + •• • + n(n+1)) = n(M + 1)(n + 2) _

—Jam es O. C hilaka
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Sums of Products of Consecutive Integers II

n{n + l)(n + 2){n + 3)n
^ ^ k ik  + lXk + 2) =
k=l

1 2 k+l
_1----1---—1---------1

1+2+—+(/l+1) {k+2)k̂ k+l)
jSk+m+2)

2

■ 2

k+2

A+

k (k + l){k + 2 )+ (A: + 2)fc(fc + 1) = + i)(fc + 2)

1 2

(n+2)(n+3)

1-2-3 + 2-3 '4  + -” + n(n + l)(n + 2)
n(n + l) (n + 2)(n + 3) _ n(n + l)(n + 2)(n + 3)

■ j —

—Jam es O. C hilaka
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Fibonacci Identitie

^  ~ ^n-1 ^n-2

F n-lFn
■SSSS>SSSSSs'<'-

S.'sVvVVvVVsVv'

Fn+l -  4 FnFn_i + f1 2

n+1

Fĵ +l = 2F„ + 2iv-i - F tn—\ ~ r n -2

Fn

r/z+r
’//////.

Vi+r

= *Fi-l + 4F„-!F„_2 + f1 2 f2+i = 4 f2 _ 4Fn_iFn^2 -  3F^.2

—A lfred B rousseau
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Sums of Powers of Three

n - l

Q O
O O

3 t = 3 ! z i

©
OO

o  o  
o o o o

k=0

o
O O
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o o o o  
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o o o o
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o o o o o o o o  
o

O O
o  o  

o o o o  
o  o

O O  O O
o o o o  

o o o o o o o o  
o  o

O O  OO
o  o  o  o

o o o o  o o o o
o  o  o  o

O O  O O  O O  O O
o o o o o o o o
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O O  O O

o o o o

n - l
3n - l  = 2 '^ 3 k 

k=0

-D avid B. Sher
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A Geometric Series

1 r i ' i 2 r i ' i 3 1
4  U ;  U ;  3

—-Rick M abry
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An Alternating Series

I _ i  1 _ J L  J _ _ J _  . . . = 1
2 4 + 8 1 6 + 32 6 4 + 3

8 16
16 32

8 16

. 1  1 1 1  1 1A\ = ------- 1----------1----------- 1- •
1 2 4 8 16 32 64

= A2 = A3,
Aj + A2 + A3 = 1,
. 1 , Aj = —.

-James O. C hilaka
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A Generalized Geometric Series

Let {ki, k2 , k s , • • •} be a sequence of integers, each of w hich  is a t 
least 2. Then

k i - l  kn - 1  ko. - 1  .—i-----V— ----- h—-— -  + ••• = !.
k i k2k\ k^k2ki

fci-1 t

fco-i 1

k3 -l 1 
/c3 k2k1

m

—John M ason
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Divergence of a Series

n

k=l

1

t  1 1 1 f —iH—7=H—)=■ + ••• H ^  >yn
V2 V3 4n

-Sidney H . K ung
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Galileo's Ratios

2n

1
3

5

2n -1

1 1+3 1+3+5 l  + 3 + 5 + -" + (2n-l)
3 5 + 7 7 + 9 + 11 (2n +1) + (2n + 3) + • • • + (2n + 2n -1)

-Alfinio Flores
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Sums of Harmonic Sums

Ht l + U X-  + ... + \ J !̂ H k =nH n - n
n-1

k = l

1
2

1
n-1 n

\_
2

1
n-1 n

2

1
n-1 n

J.
2

1
n-1 n

n-1
YjHk +n = nHn 
k=l



Infinite Series, Linear Algebra/ & Other Topics 117

(AB)T = BtA t , Where A and B are Matrices

-James G. S im m onds
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The Distributive Property of the 
Triple Scalar Product

A - ( C x D) + B*(Cx D) = (a  + b ) - (C x D)

'A+B

A + BA + B

— C onstance C. E d w ard s 
an d  P rash an t S. Sansgiry
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Cram er's Rule

A:a + yb + zc = d =» det(d,b/c) = det(a:a,b,c) = xdet(a,b,c)

. x _ det(d,b,c) 
det(a,b,c)

— The Mathematics Initiative, 
E ducation  D evelopm ent C enter
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Parametric Representation of Primitive 
Pythagorean Triples

c+b n . \  - c -b  m(n,m) = l=>
a m a n

c n2 + m2 b n2 -m 2
a 2mn ' a  Imn 
n t  m (mod 2). •

9 9 9 9/. (a,b/c) = {2mn,n -m  ,n +ni ).

—^Raymond A. B eauregard  
an d  E. R. S uryanarayan
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On Perfect Num bers

p = 2n+1 - 1  prime N = 2n p  perfect

n - l
77777

W//V,'ZvZ'/' / / / / / ,

m
' / / / / A
' / / / / A

V ////,

//////,

m

vyyyyy

' / / / /A

m

1 + 2 + • • • + 2” + p + 2p H—  + 2”-1p = 2np = N

-Don G oldberg
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Self-Complementary Graphs

A  g rap h  is simple if it contains no  loops or m ultiple edges. A  
sim ple g rap h  G = {V,E) is self-complementary if G is iso m o r­
phic to its complement G = (¥,£), w here E = [{v,w]\ v,zve V, v 
w, an d  {v,zv}  ̂E}. It is a s tan d ard  exercise to show  th a t if G is a 
self-com plem entary  sim ple g rap h  w ith  n vertices, then  n = 0 
(m od 4) or n = 1 (m od 4). A  converse also holds, as w e n o w  
show .

THEOREM: If n is a positive integer and either n = 0 (mod 4) or n 
=  1 (mod 4), then there exists a self-complementary simple 
graph Gn with n vertices.

PROOF:

O 0—0—0—0 —©—0—©
n  ■ fl b c d 4 ■ & d a c

Gc:

y w X z

b d a c

y w X zX y z w

— S tephan  C. C arlson



Infinite Series, Linear Algebra, & Other Topics 123

Tiling with Trominoes

A  tromino is a  p lane figure com posed of three squares: cEI

THEOREM: If n is a power of two, then an n x n checkerboard 
with any one square removed can be tiled using trominoes.

Pr o o f  (by induction): 

I.

II.

■J .J .

-Solomon W. G olom b

NOTE: Except when n = 5, an n x n checkerboard with any one square 
removed can be tiled with trominoes if and only if n # 0 (mod 3). See 
I-Ping Chu and Richard Johnsonbaugh, "Tiling deficient boards with 
trominoes," Mathematics Magazine 59 (1986) 34-40.
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